
partitegraphs and matchings.
Left : 6 is bipartite if FA ,

B St VI6) = AUB and

e(G[A]) = e(G [B]) = 0 . Notation : GTA , B) .

Alternatively :70 with no monochromatic edge !

Examplesof bipartite graphs : even cycles , ip
- - -

-completebipartite graph Kn , m : 05
& All edges between

Examplesof non-bipartite graphs : cliques , odd cycles.
Q



Lemma : G is bipartite Ce+ 1
# G Ve1 .

-roof : (E) Odd cycles are not bipartite !
(E) WL

.
0

.6 assume G is connected
.
Take TEG

spanning tree of 6.
Claim : T is bipartite.

prof : Take V-VIT) and let c : VIT) -> So
, 13 be given by

clu) = (dist
+
(n

, r) (mod2)

Recall : UreESTS -> /dist
+
In

,
r) - dist

+
(v

, r)) =1

=> No edge is monochromatic. -

②



Let (A ,B) be the bipartition of
T

.

Claim
-

: ) is also a bipartition for 6 .

↳roof : Suppose by contradiction JuveE(GTA)) ·

LetP be the unique u-r path in T.

UHedgea = even

↑
odd cycle ! Contradiction-

③



↓Jefu : M is a matching if dm(v) = 1 -veVIM)
· 89

Size of M = e(M)·

Q/ What is the size of the largest matching we can find in a graph ?
On

& mu - largest matching = n.Om
Y

<en : X[VIG) isavertex cover if enX + ↑XeE(6).

Obs: M max, matching and X min .

cover ze1X ** YeeE(M) .

=> ze(m) = IX < e(M)
· &

④



Ihm (Konig) G bipartite

&e(M) : MEG matching) =m&IX1 :XCV(6)
vix covera

r(6) Peasy .

Gal : find vtx cover of size(G) .

Def : Let M be a matching .
P = voV= -Va isaalternating

Death if VoVIM) and the graph induced by ECP)(ECM) is a matching.
Requ : 6 graph , MEG matching

.
A path P = VoVI. Vi isan-augmenting

eathin 6 if p is M-alternating and So , V3eV(M) = P.

Abs : M maximum matching inG * M-augmenting path in 6. ⑧



Xeroofthatr16)- [16) : (A ,B) = a bipartition of 6 , M = a max. matching.

Define f : E(M) ->VIM) as flab)
= [b , if = x-b M-alternating path , for some xEA

a otherwise.

SetU = f(E(M
*))

Example : A , A2 As A4 As

·
O

B
,

B2 B By

u = [B1 , B2 , An , As]
Cal : show that U is a vertex cover.

⑳



Let ab ECG) /EIM) · If at U , then we're done.

Assume a U.

Gal : to show that be U
. That is

,

7 x-b M-alternating path for some
XCA

&

Easel : a VIM) 09 o a

/7 M-alternating
,

=> be VIM) , oth ,

we'd have M-augmenting dons !
a

Case2 : a V(M). em
b'

a U - b'EU . EFM- alternating path ending in 6' :

= 7
-

=> b- VIM) , oth . the M-alternating path" is M-augmenting ! - be U. -



Q) What are the necessary and necessary conditions for GTA ,B] to contain

a matchingcovering
A ?

&
Defu : M covers A if AVIM) .

Necessity :
① IBI ? IA)

& The size of Ng(A) : = UNgla) is 21A) .
at A

Note :2 = 0 : IBKINGlAsIzIA) .

② In general we need INg(s)) = 151.

Thm (Hall '38)
TIA

,B) = matching coveringASarriage condition


