
Ihm (Hall '35)

GIA ,B) = matching coveringASarriage condition
#) done !

(E) Induction on 1A1 . B .
I : IAI =1

Let a =2.

I . H .Ixa-1& HIX ,T] satisfying Hall's cond -> HIX ,TJ I matching covering x
Let GTA ,B] be a graph satisfying Hall's coud ., 1A1 = a.

Claim : If INjl)KISl + IV ESEA
,
then we're done.

①



Proof : ab - E(G) .

GabatistHascon / if stands A
AssumeI PESEA such that INg(s)) = ISI .

-

/
= 0 - sum

· I
. H. = F matching in He covering S.

②



Claim : He satisfies Hall's condition.

↳roof : Suppose not . FTE AlS such that INCTS (Ng(s)/XITI-1 .

INg(SUT)(XINg(S)I + INgCTS (Ng(s)) DISI + IT1-1 ,
contradiction !

oplicationsis
aherfect matching in6 a -factoror
- if V(M) = VIG).

Lemmal: Any K-regular bipartite oh (with K21) has a perfect matchinggray
#roof : GTA,B] K- regular. For SEA or SEB we have

k(S1 = e(GIS, N(S)]) < INCS)1 · K
· S =A 1AIIBI and S = B IBISIAI .

Conclusion : 1A) = IBI.

· Hall's condition=> f matching covering A . AsIA) = IBI
,
this must be a PM



Defh : H is a K-factor of G if HEG is K-regular and V(H) = VIG).

Lemmaz: 62K - regular (K21) - 6 has a 2-factor .

#roof : G has an Evlerian tour . Let D be the associated digraph.

Split each veVID) into v- and vt.

Define H as VIH) = Su +, v= : vEVID)) and ECH) = Su+ v = : (n
, v)eE(D)

Example :

#.
G D

H
④



It is K-regular and bipartite ! By Lemmal, It has P. M . M.

As d (v) = dirt) = 1
, mapping M back to O gives a z-factorh

-

Q/ When does a graph have a p.

M .?

odd

&
connected component

odd

Notation : q(H) : = # connected components with an odd #of vtxs .

⑤



#hm(Tutte)Let6 be a connected graph. I6 has a p .M)q(G - 5) < 151VS .

Def : C is critical if C-v has a P
.

M. F VEVIC).

M

Notation : CH := set of all connected components of H.

Refu : SEG is matchable with Go-s if the auxiliary graph H with VIHs) = SVG0-sS

coverinthat② S* is matchable with GG-s *
-

Moreover
,
6 has a P .

M. () 146-s* 1 = 1S#1.

G


