
#hm(Tutte)Let6 be a connected graph. I6 has a p .M)q(G - 5) < 151VS .

Def : C is critical if C-v has a P
.

M. F VEVIC).

M

Notation : CH := set of all connected components of H.

Refu : SEG is matchable with Go-s if the auxiliary graph H with VIHs) = SVG0-sS

and E(Hs) = 3 SC : seS and NJ(S) &VIC) #P) has a matching covering S.

#alai-decomposition
thm : Let 6 be a connected graph . 7 S** VIE) such that

I① CEY6-s * = C is critical ;
② S*

is matchable with GG-s *
-

Moreover
,
6 has a P .

M. () 146-s* 1 = 1S#1.

196-s* / = 15#) Ghasp .
M

. /Ghasp . M= 146-s* 1 =q16-s
*) 1S

* 1 .

↑ ⑪S & matchable = 196-s * ) = 1S#1 .



ofof Tutte's thm , assuming G . D :

Suppose that q(6-s) < 15) VSEVI6).

S*

given by G .
D. Gal : to show that 196-s + 1 = 1S*1 .

① Id is odd V CYG-s *

=> 196 - s + / = q(6
- S

*

)1S # 1
.

& = F matching in Hg covering S** 15# 190-st
-

ro inductionsB In particular,Tcle'sthe holds for any#withVIH) < VIG)
·

Define rIT) : = q(6-T) - ITI XT
.

Let R = ST : r(T) = mar(T)) and S be so thatIsl = max[It : T R)T

aim:Did particular,-S VI).
v(c) even =q(c-v) = 1 .

Then, D



=>Deren
O

q(6 - s - v) = q(6 - 5) + 1 =) v(susvs)- v(s) , contradicting the choiceof

roofof 0 : Suppose 5 non-critical (30-s ·-ConcriticalF vEVIC) such that C-V & P.
M.

-Inductionhypothesis => 7 S'EVK-v) stq(c-v-5') > 15.

q(c - v -S) + 15) = v(C - v) = 0(modz) = q(c - v
-5) = 15 + 2.

&aim : r(SUS'usvs) < r(s) . (this is a contradiction ! )

②



#of : q(6-s-s' - v) = q(6 - S) - 1 + q(c - S- V)

= q(6
- s) + 15 + 1.

=> r(sususus) = uls) -

#roof of : Suppose by contradiction that S is not matchable.

Hall's thm-> INIs')/ < Is' for some S'IS .

Laim : r/SIS') > r/S) (this is a contradiction !) /Recall claim.

FroNandconnecomponents os
-

③



Applicationis e-edge-connected if XFCE(6) with IF11-1 we have that

G-F is connected.

Lemma : 63-regular and 2-edge-connected- > G has a P
.
M.

Xeroof : Goal : to show that1S1 = q(6-5) *
-

5= [CEG6-s : v(C) is odd) 00g
eg(s ,

c) = #\eE(6) : lens1 = lenc = 1)

3151)]e(s, c) = 3101 = 3q0-3

Claim : ej(s, c) = 3 FCE0 .

of :
3r =[div) = ze(G) + es,) = es, c) is odh

62-edge-connected > eg(s ,c)



Notation1 : KIA
, B] = the complete bipartite graph with parts A and B.

4en : G is a (V1 ,
. .

.,vr) -looted layered graph if 7 disjoint No , . . ., Ny F VI6)

such that No = SV , . . ., Vr)
,
VI6) = Nov -

- - UN and E16)[VE(KIN-1 ,Ni))h
iTh]

We call Ne the ith level of 6.

h=height of 6 and (16) : = Ny ishe last level of 6

Given a matching MEG ,
we say that 6 is-alternating if

E(GIN ,
UN
+, 3) ES E(6)(E(M) if

i = 0 mod 2

E(M) oth.

Notation2 : AAB (AlB) v(BLA)
⑳



TheHopcroft-Karp Algorithm
Enput : a bipartite graph GTA ,

B].

Set M:= y and i : = 0

While Me is not maximum matching ,
do :

① Set S := 1AIVIM i )) and label vtxs in AlVIM ; ) as 3V , ..., Vg 3.

② Use B
.

F
.
S to build a (v , ..., Vs) - rooted layered M, - alternating graph T:

Stop building T; when L(ti) I VIM) #0

③ Find a maximal collection 3: of vtx-disjoint shortest Mr-augmenting paths in T:

④ Set Mix ,
= MpAPD

Output : M ;

⑳


