
Notation1 : KIA
, B] = the complete bipartite graph with parts A and B.

4en : G is a (V1 ,
. .

.,vr) -looted layered graph if 7 disjoint No , . . ., Ny F VI6)

such that No = SV , . . ., Vr)
,
VI6) = Nov -

- - UN and E16)[VE(KIN-1 ,Ni))h
iTh]

We call Ne the ith level of 6.

h=height of 6 and (16) : = Ny ishe last level of 6

Given a matching MEG ,
we say that 6 is-alternating if

E(GIN ,
UN
+, 3) ES E(6)(E(M) if

i = 0 mod 2

E(M) oth.

Notation2 : AAB (AlB) v(BLA)
⑪



TheHopcroft-Karp Algorithm VS

V ,
. .

., Vs in 6
Enput : a bipartite graph GTA ,

B].

all

neighbors%
Set M:= y and i : = 0 matching -IIIIIIIIIIIII *I migh-While Me is not maximum matching ,

do : again , excluding uXs

that are already in a previous layer N2 = N(N1) ( (NoUN1) .

① Set S := 1AIVIM ; )) and label vtxs in AlVIM ; ) as 3+...,
V

S 3 .

② Use B
.

F
.
S to build a (v , ..., Vs) - rooted layered M, - alternating graph T:

Stop building T; when L(ti) I VIM) #0

③ Find a maximal collection 3: of vtx-disjoint shortest Mr-augmenting paths in T:

④ Set Mix ,
= MpAPD

Output : M ;
⑳



Lemmal : M is a maximum matching in GE) #M-augmenting paths .
(exercise).

Lemma2 Letp be a shortest M: augmenting path in 6
. Then

,
PET:.-

Proof : P = WLOG
,
assume n A and UEB.

j := the juth
live

K
U

Claim : Ug NaNov -.

uNy + 10
, "...#roof : Induction on j.

uje Nzj = uj, N(j) EN Xj' + 1 by B .
F .
S.

uj

&: ti has = k levels
,

as every rumatched utX in B is in LIG)

- ①



&aim-> VIP)[T ; and U L(Ti)
,

as the only unmatched vxs are in LITi)

Inparticular,theeightoisas this implies uj -,j(Ti[Nj- ,Nj)

Define + : 30, ..., K) -> 50 , . . ., 4) as fij) = < iff Uj Ni
.

Obs : f(j) < f(j-1) => f(j) = f(j+ ) + 1
.

Claim + @s => K = f()-f(0) = (j)-

↑
Y Equality occurs () f(j) = f(j- 1) + 1

.

f(j) = jFj .

②



Crollary : the algorithm works correctly.

#of : (MiK /Min) < v(6)/2 until #Mr augmenting path. -

Lemma3 : Let MEG be a matching and PCG be a shortest M-augmenting path.
in 6

. If Q is an MAP-augmenting path in 6
, then

e(Q) = e(p) + e(PQ) .

↳roof : ↑M-augmenting
=

> /MAP/2/M1 + 1·

Q MAP-augmenting =1(MAP)AQ/(MAPI + 1 = IM1 +2·

-

: = N

-- alternating
M = =

0 and N = 0-0
·

NAM = --

⑧ [I paths and
-- cycles .

B



IN = IM1 + 2 = 572 paths , say

P and P2 ,
whose start and end edge is blue .

=> P
,
and P2 are M-augmenting- > e(P,) ,

e(P2) < e(p).

P Another proof :

D ·
a

d
* is associative and

Q MAM = I

MAPAQ = N

X

e(p) + e(a) - e(pea) = e(PAQ) = e(MAN) = e(p ,
) + e(p) = ze(p)

=> e(a) = e(p) + e(p1Q) .

-


