
Lemmal : M is a maximum matching in GE) #M-augmenting paths .
(exercise).

Lemma2 : Let p be a shortest M: augmenting path in 6
. Then

,
PET:.-

Lemma3 : Let MEG be a matching and PCG be a shortest M-augmenting pathin 6
. If Q is an MAP-augmenting path in 6 , then

e(Q) = e(p) + e(PQ)
-

Lemma : Let1 be the length of the shortest Mi; augmenting path in 6.&

Then
, lit = Cp + 1.

M

⑧



#roof: By Lemma 3, we have lit ,
= ep .

+or
are ina

Let P be a Miti-augmenting path in 6 . Goal : to show that elp) > li + 1.

· Case : VIP)eVIpt) = ↑ Xj = P is a Mi-augmenting path in 6

=> e(p) > li + 1

M

Why : Sp is a maximal collection of shortest Mi-augmenting paths in 6.
Q



· Cae2 : VIP) (VIP) # ↑ for somej·

Let k = maxEj : VIP) eV(p) + &) .

Obs1 : p(K) is a shortestAD" A ... A plK-1)
- augmenting path in 6.

: = N

[
By L3, taking these symmetric differences never decrease the

length of the shortest augmenting path
.

862 : P is a NAP" - augmenting path in 6.

By L3 , e(p) = e(p()) + e(prp") .

As P is Mix , -augmenting and Mix , contains the blue edges above, we have

e(prpl) = 1
. Hence

,
e(p) = 1 ; +. -

⑳



-

#aiml : Let M * be the matching output by the HK algorithm.Then
, elp) = i V Mp- augmenting path P in M

*
AM
,

In particular , #Mi - augmenting paths in M
*
AM, U/? ·

roof : The components of M *AM , are vtx-disjoint paths and cycles
Laim2: (M * 1- 1Mi 1

&

(

roof : It suffices to count the edges of M
+
and My in MAM ;.

· M * -augmenting paths don't exist in M*AM.

· PMg-augmenting path in MAM - e(p1M * ) - e(p1Mi) = 1 *=> IM * 1- 1Mil #Mi-augmenting paths in MAM HM -

Running time : 0 (m .(+ * ) ↳



Connectivity

Pefu : G is K-connected if v(6) = K+ 1 and 6-X is connected &X of size -K-1 .

k(6) : = max 3K : G is k-connected] is called the connectivity of 6.

Den : XEVIG) is a separator if G-X is disconnected.

&: 5(6) = K(6) . 5 It doesn't say
much about the connectivity of

6. But we do have a "highly" connected subgraphs
Im (Mader' (2) Let K-IN) ,

and O be a graph with average degree &16) :SK.
Then

,
6 contains a (K+ 1) - connected subgraph H with d(H) = d(6) - 2 K +1

↑roof : Let d*:= d(6) and let HEG be so that

e(H) = min el6's : 6'56
,
VI6') > 2K and el6') = d * (v(6) - k) + 1S

Z S
↑ Note that G is in this set . Hence the minimum is finite. &



Gal : to show that I is (K+ 1) - connected and d(H)2d(6)- 2K .

&aim1 : V(H) = 2k+ 1

↑roof ? e(H)= ** (VIH) - k) = 24 · (2k- K) = 23

Suppose for contradiction that VIH) 2K .

Then
,
eCH) - e(Kzs)

= (24) = k · (2k)
contradiction !

Claim2 : (H) ** +1
-

#roof : Suppose for contradiction thatIn-VCH) such that d (4) -> &
*

z

#aim1 => v(H-u) = 2 . As eCH-u) = e(H)-* (H) - 1 - 4)

This contradicts the choice of H.
- =

*

(v) H -u) - K) .
-



↑m=
↑
AS VIH) =&* /2 ·

-

Suppose by contradiction that H is not (4+ 1) - connected. K

7) X[V(H)
,
IX1K

,
such that H-X is disconnected . N

-
Let K be a component of H-X. ⑭
H1 = HIKUX) and He = H- K . ①

|x11k

&aim4 : For is 1
, 23 FueV(Hg) such that NH(n) = N

(4)
·

⑤



# roof : Let C be a connected component of H-X. Then,

veVIC) = N
,
(v) [ VIC) vX -

Claim>+ 4 => V(H2) , VIHz) = d *
= 2 K

.

Z

By the minimality of H , we have e(H) < ** (vi)-K) for it 31 , 2)Z

Thus
, e(H) < e(H1) + e(H2) <* (v(H1) + v(H2) - 2()

= d *. (v(H) + (x) - 2k)
Z

< d * (v(H) - k)
I

This contradicts the choice of H . -


