
DenoLetYVIGandUVSWe say that at the
contains a vertex of U.

Def : A collection [P..., pl) of X-y paths are (internally) vtx-disjoint
if v/p"(eVIp) = Ex ,y) ViFj.

ObsMenger's thm : Let xy ElE) .
Then

,

min[141 : U is a x-y separator in6) max 191 : 5 collection of vtx- ↑S disjoint X-y paths ing &
↓roof : Induction on e(6) . Basis of induction : the empty graph

.

Let xycE(E) and K := min(1U1 : U is a x-y separator in 6) i



Gal : showthatcollections of K vAX-disjoint x-y paths in 6.
*

(*) is true when K1 : Thus
,
assume K72

&ase 1 : F we Ny (x))Ng ly) .

UX -y separator in 6-w-
(Ul = K-1

·

I . H. E F [K-1 vx-disjoint x-y paths in G-w.

X

+q = 72k
- 0.

W

Case2 : 7 a x-y separator U in 6
,
IU1 = K

,

such that

UkNj(X) and UkNoly).

②



⑳C #To join toaa-⑨ =>
/
-

&c ⑪
6 Ex

Caim : e(6x) < e(6) ·

↓roof :
· NJ(X)1C #1 , and hence e()?1 .

[otherwise . No(x)[U = Ng(x) = U
,
as Ng(X) is a x-y sep.

· Nj(u) ev(c) + Vn - .

Ngusev(c) = 0 = U15u3 is a smaller x-y separator/ ③i



Obs : UX- y separator inG IUl = K.

I. H + obs => Gy contains 1s vtx-disjoint x-y paths .

Futdisjointat
e

from y
to U in

GIC'UU]
,
and

C D X

hence in GICUU] ·

By symmetry, FK vtx-disjoint paths from <to U in GICUU] ·

We can concatenate them to obtain a collection of K vtx-disjoint
X-y paths in 6.

④



&se3 : Ng(x)1Nj(y) = p and XX- y separator U in 6 St

In1 = k
,
UENj(X) or UENoly).

U

p =

1 X- y path of minimum length.Lo YO ooo
V

X T
u and v exist because

Obs : VENj(X) and v FY Ey
Let H = 6 - UV

· If every x-y separator in It has size =K, then by the I . H . H contains

K vtx-disjoint x-y paths , and so does 6.

⑧



· Assume 7 x-y separator W in H with IW1 = K-1·

Claim : W=Ng(X) & Ngly) . (this is a contradiction
,
as IWK-K-121)

↑roof : Let Wu := Wusus and W- = Wusrs.

Both Wa and We are x-y separators.
· Wv#No(X) , as xv@E(6)

=> WvENjly) .- WENgly) .

· Wu #Noly) , as nyE(6).

=> WuE Ng(x)
=> W = Ng (x) .

-

⑤



&rollary : G is K-connected >FX ,YEVIG) distinct 7 Kutx-disjoint
X-y paths.

proof : (f) KI I :
4 k

- 1·
y

=> v (6) = K-1 + 2 .

X

U st (U1[k - 1 => v16-u) ? 2.

K-connectedness of G - XX , yeVIG-U) distinct 7 a X-y path

in G-U.

( *) Let X
,y E VIG) distinct .

&



6 k-connected => G-R contains a x-y path V REVIG) (3x ,y>

of size IRI
= K-1 . (G-R is connected)

If U is a x-y separator , then IUKK.

· Casel : xyfE(6) .

By Menger's thm , FK vtx-disjoint x-y paths
in 6.

· Case2 : xyc E(6)
·

6 - xy is K-1
connected . By Menger's thm , JK-1vx-disjoint

x-y paths in G-Xy
The edge xy gives the

th -y path in 6.

-



-Ageneralisation of Menger's theorem.

Def : For sets S
,
T
,
we say that a path P = Vo - - - VK is a

S-T path if V-S and VRET .

Refu : We say that <P "..., pl") is a
collection of (internally

vertex-disjoint S-T pathe if
· plis is a S-T path Vi
· v/plis)nV(pl) [SUT Vij .

Refu : U is an S-T separator in G if G-U doesn't have an S-T path
and U[VIG) / (SUT) ·

⑨



Ihm : S
,
TE V(6) disjoint . If elGIS ,T]) = 0 , then

min[1U1 : U S
,T-separator) = max (151:collectionofx-disjointso
-
-

#00
6'

G
Replace S by s , T by t

Set N (s) : = UNg(x) and Ng ,
(t) := UNg (Y)

Gl xeS YET

U is S-T separator in 6) U is a s-+ separator in 6 % t



proof follows from Menger's theorem.
-

*

-C① --
I

-I

⑪


