
Lemma : e(6)1 = HEGSt SIH)>
#roof : Induction on v16) . BI :/

Assume 5(6)Xe and set n: = V6

#Claim: If d(x) se , thene
↳roof :

e(6 - x) = e(b) - d(x) = e(6) . )) - mu)
= e(6). -



Lemma ? Pgigs E G and Ce=6 for some 12516) + 1.

-

Proof :

Longest path :-
Vo I Ve Wit Ye ,

Vi

N(Vo) [SV1 , . . ., Vk] => K2d(vo) S(6) .

j : = maxi : vervol.

N(V) [SV , . .
.

, Vj) = Cj+
EG and jz8(6) .

- E

Corollary : 816) 2 => G has a cycle .

②



Left : A walk is an alternating sequence of vexs and

edges Ve e2-- - V, Ev+ such that e = vivit 1 Vi.
& length of the walk .

walk
:

Awakendpointsand,
Drop : 6 graph ,

X
, Y =V(6).

= x -ywalk in 6 <7 x- y path in 6.

③



roof : the shortest X-y
walk is a path. -

Corollary : If I x-y path and y-z path in G,
then FX-7 path in G.

Distance : dj (x ,y) = min ? e:
If I such e

,

set do (x ,y) = 0.

Diameter : max d
(x

,y)

④



Proposition1 : G graph and GIP= ... E path .

# dj(o ,<) = K
,

then dj (xo , xi) = i = dj(Xk , *k - i) Vi .

roof ?

· We have dolo ,Xi) i.
sto

· Leta be a Xo-X : path &
· QUX : PX ,

contains a Xo-X path p. XK

=> e(a) + k - i = (P'Xdj(X0 ,X,) = k

=> e(Q) = i

=> dj(X0 , Xi) = i

-



Proposition2: If I distinct paths P and Q in 6 with same

endpoints ,

then 6 contains a cycle.

groof : X
, y endpoints

V

P : X = vov . -
- V =

Y -a⑨

X -
Q : X = upVz ... un =

Y u
: Y =

4jm

i := min St : + ut) ~ , PVjV Qujr

j := min [ti : Y = Q) is a cycle !

j be so that Vj =

u (ji) -



Girth : g(6)
: = min [13 : GeEG)

-

If such e
, g(6) = 0.

Lemma : If G contains a cycle, then g(6)> 2diam(6) + 1.

roof : Suppose not

· Let C be a shortest cycle. Then, A

e(c) = v(C) = 2 diam (6)+2

· 7 x
,ye VIC)

Std
,
(x

,y) < diam (6) + 1.

E



· J path PEG and P & C with endpoints

g
x

, y st e(p) < diam(6)

· X = vo ... V = y
vxs of

P.

·
· i = minit :Vev(c) and j =miniti : Yev()

Q Up' is a cycle of length > (1) + diam(6) < v(),

a contradiction

-

⑧


