
Q If 8(6) =2 , then how large can g(6) be ? n .

Q/ What if 816) = 3 ?

Thm1 : 816)3 = g(6) < zlogzh . &

1fn (Moore number) : For d
, geIN , let

S
1 +-1) if g =2+ is d

hold , g)= Ed- if g
= zr is eve

Obs : No (d ,g): ①



Thm2(Moore) : 5(6) = 8 and g(6) < g => v(6) = no 18 , g).

#roof that thiz thm1 :

Let
g
= g(f) , v = (E) and n = v(6) .

If g
= 3
,
then we are done : 2 .

logyn = 2logz3
> 3.

Assume r = 2 .
Moore's thm # Obs @S16) = 3 =

nzz = 2 . (21) >22

=> logzh > glz
-

②



=roof ofMoore'sthmloddgirth). (6) 30 ?)
vo so thatdg (v , x) = diam(6) >E = v

for some X.

For i = 0
, Ne : = [veV(6) : dj(V, vol = i) (ith layer)

Obs : Ni 1Nj = Vij .

=> v (6) = (Nol + IN_ 1 +...+ INpl . (*)

#station : Ni :=N
③



Lemmal : If i r and veNo , then

INj(v) &Nai-1) = (Nj(v)eNa
,

1 = 1

Emma2 : No is an ind .
set Vi -1.

/

independent
-

#
& No ④



~of
that (1 + 12 +# Moore's bound :

If jer-1 , then · NoS ↓

(8-1) /Ng) > e(GINg ,Ng1]) INgti !
& Nj+

By induction ,

IN11 = 8
, INzl = (8-1) 8

, ...,
INvl (8-1)

*

8.

=> v(6) : 1 +S -1
-

⑧



Trot of t: Recall prop
nTo

Let Vol . - - Ve = r be the shortest vo-v path .
Then

, VeeNi-.
-

= d(v , v) .

·Suppose for contradiction that

7 a + b sta
,
b -> Ni- ,

(NIV) . i
· pl := shortest vo-a path Ne
· pl : = shortest vo-a path .

⑥



· p"var and pl v bu are 2 distinct vo-v paths .

=> p'varupK) Ubu = a cycle C

· IC <215-1) +2 = zi < 28 g.
*
-

Proofof L2 :

Suppose J edge abEGINi]
&

p
(1)

: = shortest vo-a path

p(z) : = - vo-b-

- cycle of length
zi+ 1 < 2(r-1)+ 1 <g
- Q



Defu : G is connected if X ,ye65 x-y path in 6.

Pefn : For XeV(G) ,

(x : = <y + V(6) : = xy path in 6)
is the (connected) component of X.

A set D is a (connected) component if
= xst D = CX .

⑳



Lemma : (x1(y +P((x =Cy

#roof : (5)

Let zeCx1Cy and P an x-z path .

Let WE C
,
and Q an w-y path

Q = y
- z path . -

initX-w walk : PVQUQ

=> X-w path in 6 .

=> we c = Cy . ) Similarly,ExCy



Refu : A graph is acyclic if
it has no cycle.

Free : connected acyclic graph
Leaf : vtx of degree 1 in a tree·

#aim : Every tree on at least 2 vxs has a leaf.

roof1 : Suppose not . Min degree = 2 => I cycle,
contradiction.
-

Xeroof2 : Take the longest path. Its endpoints have
degree 1
-


