
Refu : A graph is acyclic if
it has no cycle.

Free : connected acyclic graph
Leaf : vtx of degree 1 in a tree·

- The following are equivalent
:

Lemma

(a) 6 is a tree

(b) G is minimally connected (MC)

(c) G is maximally acyclic . (ma)

(d) Fu ,
ve67 ! u-v path .

①



mc : G is connected but G-xy isn't, Yxye El6).

ma : G + Xy = cycle V xy -E(6) , X
,yeV(6).

roof :

(a) => (b) · Suppose not.

- ureE(6) st6-nv is connected . G-uv
U

LetP be a n-v path in 6-nV%
6) ur UP ,

which is a cycle. A contradiction .

②



(b)= (C)

Suppose for contradiction thatI cycle CG .

Let u
,
vE VIC) (and consecutive).

6 minimally connected => 6-uv is
disconnected

.

C
,
C' connected⑳ components of G-uV .

St CDC = 0 .

C
↑
c

contradiction
. ③



Let X
,yeVIG) (distinct)

G connected => FX-y path pin G .

Note that xykE(6) => Xy UP is a cycle.

(c) = (d)

Let x
, y
= V(6).

Claim : 771 x-y path in 6.
-

Iroof : done if xyeE(G).

If xy-PE(6) ,
then Guxy - cycle .

&



=> J X- y path in G -

Now recall from
L2 :

--Ipositiondistinctpathsp and Q in G witha a

=> 7/1 x-y path in 6 .

(d = > (a) G is connected & acyclic !

Oth. we'd have ? 2 paths between a pair of
vtXs

.- ⑤



Basic properties about 9. #

De : A tree TEG ispanning if V(6)
= VIT).

Lemmaz : 6 connected => 6 > a spanning tree.

Proof : Let T&G with vIT) = VIG) and minimally connected.

By (b) ,

T is a tree
·

-
>

Lemma3 : Let T be a connected graph.

T is a free e(T) = VIT) - 1
.

↑roof : (3) Induction on VIT) .

· Tive when v(T) = 1
.

· Take n 2 1
. ⑳



:Let It be a free with v(H) = n
:

Then
,
eCH) = n-1)

Let T be a tree with VIT] = n+ 1
.

Let ee VIT) be a leaf.

T-1 is a tree on n vtxs . Hence
, elT-1) = n-1

e(t) = e(T-1) + 1 = n = (u + 1) - 1
.

(E) Let T be connected with elT) = VIT) -1
.

Let T'CT spanning tree . By "(*)"we have
elt's = v(T) - 1 = VIT) -1

-> T =T
. -



Algorithms

Def : An Algorithm consists of a set of Validin puts and

instructions such that for each valid input the computation of
the algorithm is a uniquely defined finite seriesofelementary
Steps which produces a certain output.

Creelementary steps :
· Arithmetic operations · Evaluating one iteration of a
·Comparisons loop .

· variable updates
· Evaluating a if condition and

· Array access taking a branch. ⑧



aInput : Usually a 0-1 matrix ,
or binary string.

~

Lize of an input : # coordinates
,
size of the string.

Left : Let A be an algorithm which accepts input from a finite
set X

.

For XeX
,
let E : X -> IN be defined as

E(X) = # elementary steps
to compute A(X)

The runningtime(ortime complexity) is the function : IN -> IN

given by T(h) : = max & E(X) : XeX st size (X) =n) ⑨



RUNNING TIME

Example :

I
In+ c

#GORITHMSU 10 , 13" for some neIN
<n: + 1

Output : integers it i+ 1 : + 2

5 0 7 + 1

I
for it 31 , ..., my ,

do variable update :
+ 1

-s S + vii] S Reading VII]
+ 1

return s.

summing
: +I.



Functiongrowth : Let f , g
: IN - > IR20

① f = 01g) if
7 ( > O such that fin) < (gin) One IN.

②f =2(g)
- f(n)- (g(n)XnE IN .

③ f
= -(g) if f = 0(g) and f = r(g) .

# f = o(g) if fin/gin)
-> 0 (Alternative notation : f g)

8 f = w(g) if f (n)/g,n)
+0) xg)

⑪



Left : Let A be an algorithm and T its running time.

We say that the running time of A is O(fin) if
T(n) = 0(f(n)) .

If F KE IN such that TI) = O (4 ")
,
we say that

is aPolynomialtime algorithm .

If K = 1
,
then A is a linear-time algorithm.

Decisionproblem: problems that have a YES or

NO answer . Formally ,
it is a BF : f : X -> So ,

1) .
⑫



Pefu : A DP :X- > So , 1) is in the class If

= an algorithm that for every xeX outputs f(x)
in time polynomial in IX1 .

Refu : A DP : X- 50 , 13 is in if F a

verifier VE
and a polynomial P such that

XXEX :

↑ (x) = 1() - witness w with 1w( < p((X)
and V(X

, w) = 1.

⑬


