
Minimum
-Tanning tree (MST)
Q/G graph and c : El6) -> IR

.

Is there a polynomial time algorithm to find
TEG spanning tree with minimum weight CIT) := ose) ?

eEEIT)
IIruskal'salgorithm (KA)

Enput : G connected
,

C : E(6) -> IR .

Sort the edges st cless < ... clem)
Set i := 0 and To : = (VIG) , b).

(

While i < m
,
do : - RUNDES 3 m timess

If To + Ci+1
I cycle ,

then

Set Ti+: = To + e ;

Else Set Tit : = Tp

Output : Tm .

Q



Ihm : Kruskal's algorithm outputs a spanning tree of
minimum

weight and its running time is O(m).
Notation · Txy

= the unique x-y path in a tree t.
--

Lemma : T is a MST in 6) Xxy-E(6) /ECT) and
-

urE Txy, Clur) < CXy) ·
#roofof thm , assuming lemma :

Let T be the output of KA.

Let xyeE(6)(ECT) and i st eFXy. yo e Tetet,
As XyE(T) , 7 cycle in Te + ep+

On the other hand
, PETP = => PET; P = Txy

Cur) < ((xy) Yuv - E(p) = E(TXy) -

- ②



-roofof Lemma :

# Suppose for contradiction that 5 xyELG)/EIT)
and

e Txy St <(e) > ((y) ·

O

T : = T - e + Xy =
CIT') < ( (T) ·

↑

EigTxy
&

O

Y
Goal : To show that T is a spanning tree.

&aim 1 : T is connected .

Proof : T minimally connected => T-e contains

2 components. Pray Xy
connects these !

-

③



&aim2 : e(t)) = e(t) = v(G)
- 1
-

=> T is a tree .

(E) Let T'be MST of 6 with
IE(T') f E(T)) = maxSIEIT")nECT)1 : T"MST]

Suppose for contradiction that T' *
T

.

Let xy Elt'S \EIT) ·

O

⑳ *
O

CX Cy
Y

T - XY T
④



·- et Txy such that (en (xl= len(yl = /

· ses < <xy) by assumption .

· +" = T -xy + e is
a spanning tree with

CIT") <(IT') -> T" is MST .

· Ie(TY) MELTSI > leIT'S nEIT)1
/

contradiction

-

⑤



Euler tours

Fiefh: A walk is an alternating sequence of vtxs and edges
19Vzez -- V, @V+ such that ep = vivit 1 Vi.

& length of the walk .

The walk isoed if V = V + 1
· It is simple if eteg Vij.

Notation : VIW) = Ev ,
. . .

,Vi] E(W) = Sex , . . . ,
e
, ] and Gw = (VIW)

, EIW)I

Refu : A walk W in a graph 6 (EIW)[E(6) isanerfor if w is closed,
Simple and Gw = 6.

Eulerian = a graph in which I an Euler tour in it.

Ihm : A connected graph G is Eulerian #) by(V) = 0 (mod2) YveVI6).

⑥



&aim1 : Let W be an Euler tour. Then ↓ (v) = 0 (mod2) YveVIGw).
f Gu

Proof : d(v) = 2.# : V = -

Claim 2 : by (v) = 0 (mod2) Yvev16) => Every maximal simple walk in 6 is closed

roof : W= ve2- - V, Ev+ maximal and simple in 6.

Suppose for contradiction
thatV * VK+ 1 . Then

, do (v) is odd . .

=> 5 ecE(6)lElGw) st v de

=> W is not maximal
,

a contradiction.
-

-roof of thm : Claim 1 gives ().
(f) Let W be a maximum simple walk in 6

.

Claim 2 => W is closed .

Suppose for contradiction that Gw#6 .

&



6 connected GwFG => JuveE(6)(Elfw) with neVIGn) .
3

↓
6 - 6w(x) = 0(mod2)xeV(6)3
#+ => F maximal simple (and closed) walk Win 6-Om starting

at U
,
with ElGw'S #0

Take a walk W" inOw starting at u st Gw" = Ow

Then W'W" is a longer walk ,
contradiction.

-

⑳


