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Lecture 01 (2025/10/13)

1 Graphs

A graph is a pair of sets (V, E) (V - vertex set, E - edge set) so that £ C {{z,y}:z,y € VA
X#Y}and |V| < 0

For an edge {z, y} we also just write zy.

we don’t allow:
« loops
« double edges

« there are no directed edges

Let G be a graph (G = (V, E)).

» For e = zy € E, x and y are the endpoints of e

« z,y € V(G) are adjacent if zy € E(G)

« e € E(G) is incident with v € V(G) ifv € e

+ yis aneighbor of z if zy € E(G); Notation z ~ y

« Ni(z) ={y: zy € E(G)} the neighborhood of z

» de(z) = |Ng(z)| the degree of

+ (@) = |V(G)| is the order of G and e(G) = |E(G)| is the size of G

» Empty graph of n vertices (no edges)

OOO

O

+ K, : Complete graph of n vertices (all possible edges)
This has # edges = "= = (7)

S

+ P, : Path of length (# edges) n (no intersections)

N

+ C,: Cycle of length n (only first and last vertex are equal)



Let H, G be graphs. We say that f : V(G) — V(H) is an isomorphism if f is a bijection and
w € E(G) < f(u)f(v) € E(H)

H and G are isomorphic if 3f € HS : f isomorphic
Notation: H = G.

When H = G, we say that f is an automorphism.
G H
(D—) 99
are isomorphic via f(a) = 1, f(b) = 2, f(c) = 3, f(d) = 4.

Abuse of notation: “P, C G’ means 3JH C G: H = P,

Let H, G be graphs.

1. Hisasubgraphof Gif V(H) C V(G) and E(H) C E(G).
Notation: H C G.

2. ForU CV(G),GlU] = (U,{zy : vy € E(G),z,y € U}) is the subgraph of G induced by
U.

3. H C G is an induced subgraph of G if H = G[U] for some U C V(G).

4. Complement of G: G := (V(G), E’) with E' = {zy : zy ¢ E(G);z,y € V(G);x # vy}




Let G be a graph.
1. ForU CV(G),G—U :=G[V(G)\ U]
IfU = {u}, we write G — u := G — {u}
2. For FCEG),G—F:=(V(G),E(G)\ F)
— This creates ambiguity between G — {a, b} being G without vertices a, b or G without

the edge ab. So it’s better to not write edges in curly braces anymore.
3. A(G) := max dg(v) the maximum degree.

veV(G)
4. 0(G) := Uéni(%) dg(v) the minimum degree.
5. d(G) = el) Z dg(v) the average degree.

veV(G)

> dg(v) = 2¢(G)

veV(G)

Proof: Z dg(v) = #{(e,v) : e € E(G),v € e} = 2e(G)

veV(G)

H is d-regularif d;(v) =d Yve V(H)

Q/ Given G, can you find a d-regular graph H so that G C H? Yes! Take K, (G)!

V graph G 3H : H is A(G)-regular N\G C H

Proof: G, := G and G} = G such that V(G,) N V(G{) = 0.

Fori > 1:

Vz € V(G;_1) Ndg, | < A(G), connect z to its twin in G_;.
G, =G, UG,

Stop if G; is A(G)-regular

b3

e(G)>1=3H CG:§(H) > 4 > 48

N

<

=

Proof: per Induction over # vertices.

Base case: G = ({1,2},{12}) O/O
= H=G



We can assume that §(G) < 37 G (Take H = G)

Claim: If d(z) < (G) , then G—m) > T (with n = v(Q))

Suppose claim holds. Apply the induction hypothesisto G —z : 3H C G — x : §(H) >
e(G—z) claim e(G)
v(G—z) = n

Proof (Claim): e(G — z) = e(G) — dg(z) > e(G) - (1—1)) =e(G) - =1
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Let G be a graph so that v(G) > 1, then Fy;) C G and C; C G for some I > §(G) + 1

Proof: Take the longest path vy, vy, ..., v;, V4, s Vg1, Vg,
N (vg) € {v1; s v}

d(G) < d(vy) = |N(vy)| < k = size of longest path

J:=max{i: v, ~ v}

N(vy) € {vy,...,v;} = 6(G) < jand Cj;;, C G

A walk is an alternating sequence of vertices and edges v, e,v,€,...v,€,V;, 1 S0 that e; =

ViVi+1

x-y walk is a walk with endpoints z and y.
x-y path is a path with endpoints x and y.
xPy The subpath of P starting at  and ending at y.

Proposition 1.13
Let G be a graph and z,y € V(G).
Then, 3 z-y walk <= Jz-y path.

Proof: <: trivial

= If there is a path, there is a shortest path. The shortest x-y walk can be viewed as a path.

Distance dg(z,y) := min{l: path of length [ exists between x and y}
If there is no such path, dg(z,y) := o

Di ter di G) = dao(x,
iameter diam(G) z,gel%}({(;) a(z,y)



Proposition 1.15
Let G be agraphand G D P = ...z, path.
Ifdg(z,x,) = k, thendg(zy, z;) =i = dg(zy, ;) Vie{0,..., k}.

Proof: d(zy, z;) < i (take zyPx;)

Let @ be a zy-z; path (Goal: show that e(Q) > )

Q U x,;Px;, can be seen as a xy-z;, walk

As per previous proposition, 3 path P* C Q U z, Pz, between z, and x,,
e(QUz;Pr,)=e(@Q)+k—i>e(P)>k=e(Q) >1i

Proposition 1.16

If 3 distinct paths P,Q C G with the same endpoints, then G contains a cycle.

Proof: Let x, y be the common endpoints of P and Q.

Let P:z = vyv,...0, =¥y
and Q : z = ugu..u; =y

Let i := min{t: v, ¢ V(Q)} and j := min{t > i:v, € V(Q)}
Let j" be so that v; = u

= v;_1Pv; Uu, 1Quy isacycle

Girth ¢(G) := min{l > 3 : C; C G} (if no such [ exists, g(G) := 00)

If G contains a cycle, then g(G) < 2 diam(G) + 1.

Proof: Suppose not. = g(G) > 2 diam(G) + 2
Let C be a shortest cycle in G.
Then there exists z,y € V(C) so that d(z,y) > diam(G) + 1
There exists a z-y path P C G with P € C and e(P) < diam(G)
Let P : © = vyv;...v;, = y be such a path.
Let i + 1 := max{t : {vy,...,v,} C V(C)},j:=min{t >i:v, € V(C)}.
Let @ be the shortest v;-v; path in C'.
Let C" = Q U, Pv,.
e(C’) = e(Q) + 6(UiPUj)
< |42 ] + diam(G)

We know, V(C') > 2 diam(G) + 2



Therefore [”(S)J + diam(G) < V(zc)J + @ —1<v(0) O
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Q/If §(G) > 2, then how large can g(G) be? 3 cycle of length < v(G)
Q/ What if 6(G) > 3?

Corollary 1.19
I(G) > 3= g(G) < 2log, v(G)

Ford,g € N, let

r—1
1+dY (d—1)" ifg=2r+1 (odd)
n0<d7g> = r—1 =0
2) (d—1) if g = 2r (even)
=0
15]-1
Observation: ny(d, g) > 2 (d—1)%ifd > 2
i=0
Theorem 1.21 Moore

5(G) 2 6 and g(G) = g = v(G) = n,(6,)
Proof of Corollary 1.19, assuming Moore’s theorem:
Let g = g(G),r = | 4] and n = v(G)
If g = 3, then we’re done: 3 < log,(9) = 2log,(3) < 2log, v(G).

We can assume g > 4.

—_

r—

r—1
. . g>4
By Moore’s theorem: n > 2» (6 —1) >2) 21 =2(2" —1) =21 —2°> 275 = 2lil+s >
=0 i

wle
S
I
o

22. O

Proof of Moore's Theorem (odd girth): Assume G ist connected. (otherwise, apply the argument to
the component with the smallest girth)

9(G)=g=2r+1
Let v, so that d(vy, ) = diam(G) > 9%1 = r for some z € V(QG).
Let Ny := {vg}, Ny := Ng(vg), and N; := {v € V(G) : dg(vy,v) =i} fori € {2,...,7}.

« Obs 1: N; N N; = 0 Vi # j
« Obs 2: v(G) > |Ny| + | Ny| + ... + |N,.|
K3

* Notation: N_; := U N;
j=0



Ifi <randwv € Nj, then [Ng(v) N Ne;_1| = [Ng(v) N N; 4| =1

N, is an independent set (I C V(G) with e(G[I]) = 0) fori <r—1

Lemma 1.22 and Lemma 1.23 imply Moore’s bond:
If j <r—1,then

(6 —1) [N;| < e(G[N; UN;1]) < [Njyi

Ny| > (6 — 1)d, ...,

Nol = 1. N, > (5115

Ny| = [Ng(v)| = 9,

v(G) > |Ngl+ .+ N >1+6+ (0 —1)0+...+(6—1)""14 O

Proof of Lemma 1.22:
|Ng(v) NN,;_4| > 1 (follows from Proposition 1.15)

It remains to show [N, _; N Ng(v)| < 1.

Suppose this is not true. Let vy, vy € Ng(v) N N;_;. Let PW be a path from v, to v; and P be a
path from v, to v,. Let e; be the edge vv; and e, be the edge vv,.

By Proposition 1.16, 3 cycle in P U P2 U {e;, e, }.
leycle]| <2(i—1)+2=2i<2r<2r+1=g O

Proof of Lemma 1.23:
Suppose not. Let ab € G[N;] (with a, b € V(IV;)).

Let P(® be a path from v, to a and P®) be a path from v, to b.

This means there exists a cycle in P(¥ U P U {ab}. with |cycle| < 2i +1 < 2(r —1) + 1 =2r —

1 < g, which is a contradiction. O



2 Connectivity

A graph G is connected if Vz,y € V(G) : 3z-y path in G.

Forz € V(G),C, := {y € V(G) : Jz-y path in G} is the (connected) component of z.

A set D is a (connected) component of G if 3z € V(G) : C, = D.

T

Components: {1,7, 9. 4,0}, {A, B,C}, {&, &}

C,NC,#0+=C,=C,
Proof of Lemma 2.4:
<: trivial
=:Letz € C, NC,.
Let w € C,. Then, dz-z path in G and Jz-w path in G.
By concatenation, Jz-w path in G.
Therefore, w € Cy and C, C Cy.

By symmetry, C,, C C,.

A graph is acyclic if it contains no cycles.
A tree is a connected acyclic graph.

A leaf is a vertex of degree 1 in a tree.

Claim

Every tree has a leaf.

Proof:
« If not, then 6(G) > 2 and therefore 3 cycle (see Lemma 1.11)

10



« As the longest path has two endpoints, there are at least two leafs.

Lecture 04 (2025/10/21)

The following are equivalent:

(a) Gisatree

(b) G is minimally connected (G is connected but Vay € E(G) : G — xy is not connected)

(c) G is maximally asyclic (G is asyclic but Vz,y € V(G);zy ¢ E(G),z #+#y: GUzxyhasa
cycle)

(d) Yu,v € V(G),3u-v path in G

Proof:

(a) = (b):

Suppose (a) and —(b).
(

dzy € E(G) : G — zy is connected.

Then there is a path P between z and y in G — zy. Then P U zy is a cycle in G, which is a
contradiction.

(b) = (¢):
Suppose (b) and there exists a cycle C C G.

Let u,v € V(G) consecutive. G — uv is therefore disconnected. There are at least 2 components.
This is a contradiction, as G — uv must have a u-v path.

Conclusion: G minimally connected = G is asyclic
Now, take zy ¢ E(G). Then Jz-y path P in G (as G is connected).

= PUuxyisacycle

(c) = (d):

Claim: 3 > 1z-y path in G
Proof If zy € E(G), done.
If zy ¢ E(G), then G U zy has a cycle. = G must contain a z-y path.

Claim: 4 > 2z-y paths in G

Otherwise, we would have a cycle (see Proposition 1.16)

(d) = (a):
G is connected and asyclic, because otherwise 3z, y € V(G) : 32z-y paths in G

Atree T C G is spanning if V(T') = V(G)

11



G connected = 3 spanning tree ' C G

Proof: 3T C G with V(T') = V(G) that is minimally connected. We can achieve this by checking
for every edge if removing it would disconnect the graph and removing it if not. The result is
minimally connected by definition.

By Lemma 2.6 T is a tree.

Let T be a connected graph.
T istree <= e(T) =v(T) — 1

Proof: (=) by induction on v(7T):
Base case: v(T') = 1. Thene(T) =0=1—1.
Induction hypothesis: Let H be a tree with v(H) = n. Thene(H) =n — 1.

Induction step: Let T" be a tree with v(T') = n + 1.
T has a leaf v.

T — v is a tree on n vertices.
=el)=eT—-v)+1=(Mn—-1)+1=n

(=):

Let T be connected with e(T) = v(T) — 1.
Let 7" C T be a spanning tree.

By ‘=" e(T') =v(T)—1

=T =T’ (because T’ C T and e(T) = e(T") and v(T) = v(T"))

12



3 Algorithms

An algorithm consists of a set of valid inputs and instructions so that for each valid input the
computation of the algorithm is a uniquely defined finite series of elementary steps which
produces a certain output.

Core elementary steps:
« Arithmetic operations
« Comparisons

Variable updates

« Array access
Evaluating one iteration of a loop
Evaluating an if condition and taking a branch.

Input: Usually a 0-1 matrix, or a binary string.

Size of an input: # coordinates, size of the string.

Let A be an algorithm which accepts input from a finite set X.
Let £ : X — N be defined as E(X) = # elementary steps to compute A(X)

The running time (or time complexity) is the function T : N — N given by T'(n) =
max{E(z):z € X, |z| =n}

Algorithm 3.3 SUM

Input: v € {0,1}" for some n € N
Output: integer s

s« 0
fori e {1,...,n},do

s+ s+ i

return s

The number of elementary operations is surely above n and below 100n.

Let f,g: N —= Ry,

(1) f=0(g)if3C > 0: f(n) < C * g(n) for all sufficiently large n
(2) f=9Q(g)if3C > 0: f(n) > C * g(n) for all sufficiently large n
(3) f=0©(g)if f=(g) and f = O(g)

(4) f=o(g)if == NG (Another notation: f <« g)

(5) f=wl(g) f g(n>> — 0 (Another notation: f > g)

13



Let A be an algorithm and T be its running time. We say that the running time of A is O(f(n))
i 7(n) = O(f(n).
If3K € N: T(n) = O(NX), we say that A is a polynomial time algoritm.

When K = 1, then A is a linear-time algorithm.

Decision problem: Problems that have a YES or NO answer.
Formally, this is a boolean function f : X — {0, 1}

A decision problem f : X — {0, 1} is in the class P if 3 algorithm that Vz € X outputs f(z) in
time polynomial in | X]|.

f:N—{0,1} given by f(z) = {1 /i x is prime

0 , otherwise

A decision problem f : X — {0, 1} is in NP if 3 a verifier V' € P and a polynomial p so that
Vr e X:

f(z) =1 < J witness w with |w| < p(|z|) and V(z,w) =1

Lecture 05 (2025/10/27)

f: {All graphs} — {0,1}; f(G) = {1 if G is Hamiltonian

0 otherwise

feNP

A decision problem f : X — {0,1}isin co-NPif —f + 1 € NP

Observation: P C NP N co-NP

A decision problem f : X — {0, 1} is NP-hard if Vg € NP : 3 polynomial time mapping r €
{dom(g) = X} : Vz € dom(g) : g(z) =1 <= f(r(z)) =1

NP-complete = NP-hard N NP

14



Let G be a graph on n € N vertices. The decision problem f : {All graphs} — {0, 1} given by

f(G) __J1 if G has a clique of size >2logn
10 otherwise

is NP-complete.

Not known: Is P=NP and is NP=co-NP?
co-NP

NP-hard

Algorithm 3.12 GRAPH SCANNING ALGORITHM (GSA)
Input: A graph G and s € V(G)

Seti =0, Ry :={s},Qp :={s}and T, :=
while Q, # 0, do:

Choose v € Q;:
If R N N(V) # (), then:

choose w € R N N(v)
set Ry = R, U{w}, Qiyy = Q; U{w}and T, := T, U {vw}

else:set R, == R;, Q;11 = Q; \ {v} and T.,:=T,
1—1+1

Output: (R;, T;)

79 1

Theorem 3.13

The GSA outputs a spanning tree of the connected component of G containing s.

Proof:
Claim1: Q; CR, C R, CV(G)andT; C T, ; C E(G)Vi

Induction on ¢ and the two lines with “set R, ;” gives that Claim 1 holds.

Claim 2: The algoritm works correctly.

As 2|R;| — |Q;| => 0 for all i with Q, # 0, the algorithm must terminate.

Claim 3: (R;, T;) is a tree for all 4.

(2

15



Done by induction on 4.
It is left to proof that for H := (R,T’) = output of GSA(G;s), C, :
connected component of s in G, H = C,.
R C C is clear by construction.
Suppose for contradiction that 3w € C;, \ R
Let P = s-w path in G.
« Ji:R,, =R, U{z}

= Qi = Q; U {z}
As GSA stops = 3T : Qp =0

=3j: Q51 = @5\ {z}
= N(z)N R =0 = N(z) C R,
= y € R; C R which is a contradiction.

Lecture 06 (2025/10/28)

Observation: GSA runs in time O(nm) where n = v(G) and m = e(G).

Algorithm 3.14

Algorithm 3.15

In GSA, Q; is a vector and Q;,, = (Q;, w)
In BFS, in the first line: v = @, [i]
In DFS: in the first line: v = Q,[l] with | = |Q;]|

16

Breadth-First Search (BFS)

The GSA where the data structure of () is a queue (-> First in - first out principle).

Depth-First Search (DFS)

The GSA where the data structure of () is a stack (-> Last in - first out principle).



L

BFS visits in the following order and edges:

Let G be a connected graph and s € V(G).

If T is the tree output by BFS(G, s), then dy(s,u) = dg(s,u)Vu € V(G)
Let’s add a new function in the BFS algorithm:

Algorithm BFS with Distance
Input: A graph G and s € V(G)

Seti =0, Ry:={s},Qy:={s}and Ty :=0,1(s) =0
while Q, # 0, do:

Choose v = Q;[1]

If RS N N(V) # (), then:

choose w € R{ N N (v)
Set Ry = R, U{w}, Qupy = QU {w}and T, o= T, U {ow} and U(w) = I(v) + 1

else:set R,y = Ry, Q;pq =@\ {v}and T, :==T;
1 i+1

Output: (R;, T;)

i) 1

17



Proposition 3.17

The function [ in the BFS with Distance algorithm satisfies is well-defined.
Proof of Proposition 3.17:Vw € V(G),3i : R, ., = R; U {w}
sweRVj>itl=w¢R] Vj>i+1

Proposition 3.18

l(v) =dg, 1 (s,v) Vv € R;Vi

Proof of Proposition 3.18: Induction on .

Base case: i = 0. Then, Ry = {s} and {(s) = 0 = d(p_ 1,)(s, 5)-

Induction hypothesis: Let k£ € N and assume that [(v) = dg, 1,)(s,v) Yv € Ry
Induction step: Let v € R, ;.

+ If v € R;, then done by induction hypothesis.
« Ifve Ry 4\ Ry, then Ju € R, with uv € T}, ; and therefore

AR,y Topy)(8:0) = dr, 1,)(8,0) +1=1(u) +1=1(v)

Proposition 3.19
l(w) <l(v;) +1Vw € R,

Proof of Proposition 3.19 : Note that l(vj) < l(ij)‘v’j
wERi:>Elj§i:l(w):l(vj)+1§l(vi)+1

Proof of Lemma 3.16: d-(s,u) > d(s,u) follows from T C G.
Suppose for a contradiction that B := {z : dg(s,z) < dp(s,z)} # 0
Take w € B so that D (s, w) = min g dg(s,x) = d

Let P be the shortest s-w path in G. Let v be the vertex before w on P.

Then, dg(v,s) =d —1
= v ¢ B (because of the minimality of d)
= dp(s,v) = dg(s,v)

= 5 ¢ T (otherwise dg (s, w) = dp(s, w))

l(w) =dp(s,w) > dg(s,w) = Dg(v,s) + 1 =dp(v,s) + 1 =1(v) + 1
= l(w) > l(v) +1

l(w) <Il(v;) + 1 withv, = v.

Contradiction.

Let G be a connected graph and s € V(G).

If T is the tree output by DFS(G, s), then Yuv € E(G)3 a s-to-leaf path P C T : u,v €
V(P)

18



Claim: @), is a path V¢
Suppose ¢ = min{t: v € Q,} < min{t: u € Q,}
Let j = max{t:v € Q,}

=v;=vand Q;;; = Q; \ {v}
= N(v)NR; =0= N(V) CR,

U e R,
= 3K € {i,...j}ueQ,

= u,v € Qp
But @, is a path!

Lecture 07 (2025/11/03)

3.1 Minimum spanning trees

A minimum spanning tree of a graph G with edge costs ¢ : E(G) — R is a spanning tree
T C G such that the total edge cost ¢(T) := >

e B(T) c(e) is minimized.

Q/ G graph and ¢ : E(G) — R. Is there a polynomial time algorithm to find the minimum spanning
tree T C G?

Algorithm 3.22 Kruskal's algorithm
Input: A graph G, c: E(G) : R.

Sort the edges so that c(e;) < ... < ¢(e,,) (with m := e(G)).
Seti =0and T, = (V(G), ().
while ¢ < m, do:

IfT, +e;,; D cycle, then

SetTiy1 =T, +e

Else set T, | = T;
i< 1+1

Output: 7,

Theorem 3.23

Kruskal’s algorithm outputs a spanning tree of minimum weight and its running time is O(m?)

We'll write T, for the unique z-y path in a tree T'

T is a minimum spanning tree in G <= Vry € E(G) \ E(T) Yu,v € T, : c(uw) < c(zy)

19



Proof of Theorem 3.23 assuming Lemma 3.25:

Let T be the tree output by Kruskal’s Algorithm.

Let T be a minimum spanning tree (MST).

We assume |E(T') N E(T*)| is maximized among all MSTs.

Suppose for contradiction that T is not an MST, i.e., ¢(T") > ¢(T™).

=T #T*=3Jec E(T)\ E(T).

Among such edges, let e be the first one added by Kruskal’s algorithm.

Consider T™* + e. This graph contains a unique cycle C.

Since T contains no cycles (it is a tree), there must be an edge f € C such that f ¢ E(T).
Claim: c(e) < c(f).

Kruskal’s algorithm considers edges in non-decreasing order of weight.

Since e € E(T') and f ¢ E(T'), Kruskal considered e before f (or at the same time).

If ¢(f) < c(e), Kruskal would have considered f first. Since f is part of C C T* + e, adding f
earlier would not have created a cycle in the subgraph of T" constructed so far (as e wasn’t added
yet). Thus f would have been added to T'. Contradiction.

Now consider T** =T* + e — f.
This is a spanning tree because we broke the cycle C but kept connectivity.

c(T™) = e(T") + c(e) — e(f) < e(T™).
Since T* is an MST, ¢(T**) cannot be strictly smaller, so ¢(T"**) = ¢(T*). Thus, T** is also an MST.

However, E(T**) contains e (which is in T') and all edges of T* N T. = |E(T**) N E(T)| =
|[E(T*)NE(T)| + 1.

This contradicts the assumption that 7* maximized the intersection with T'. Therefore, 7" must be a
minimum spanning tree. O

Proof of Lemma 3.25:
=
Suppose for contradiction that 3zy € E(G) \ E(T) ande € T, : c(e) > c(zy)

Define 7" =T — e+ xy. = ¢(T") < ¢(T)
Goal: T” is a spanning tree.

T — e has two connected components C, and C,
= T is connected and e(T") = e(T) = v(T') — 1
= T' is a tree

—:
Let T C G be a tree such that Vzy € E(G) \ E(T) Vu,v € T, : c(uv) < c(zy).
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Let 77 be a minimum spanning tree of G with |E(T") N E(T)| = max{|E(T")| N |E(T)| :
T” is a minimum spanning tree of G}

Suppose for contradiction that T # T".
= Jzy € E(T)\ E(T").

T’ — xy has two components C, and C,
Jee€T,, :lenCl=lenCl=1
= c(e) < c(zy)

LetT" =T —xy+e
T” is a spanning tree as 7" is a spanning tree (= e(T"”) = e(T") = v(T"”) — 1 and T"” is connected)

|E(T")NE(T)| > |E(T") N E(T)| which is a contradiction. O

Note Runtime of Kruskal's algorithm
To check that cycle € T; + e; ; requires O(m) (Run DFS and BFS for example).

This is done for every i € {1, ..., m}.

The total running time is therefore O(m?)
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4 Euler tours and Hamiltonian cycles

A walk is an alternating sequence of vertices and edges v, €9, V5€5...v;,V;, 1 SO that e; =
vv; 1 Vie{l,...,k}, keN

= V1€1V5€9V3€3Vy

k is called the length of the walk.

A walk is called closed if v; = v, + 1
A walk is simple if e; # e,;Vi # j

Let W = v,e,v5€y...0;,0;, 1 be a walk.

V(W) = {v1, Vg, o0y Ugyq b
EW):={ej,ey,..., e}
Gy = (V(W), E(W))

A walk W in a graph G (E(W) C E(Q)) is an Euler tour if W is closed, simple and Gy, = G.

An Eulerian (graph) is a graph G in which there exists an Euler tour in it.

Theorem 4.6
A connected graph G is Eulerian <= d;(v) = 0 (mod 2) Vv € V(G)
Proof:

Claim 1:
Let W be a simple and closed walk in G. Then d; =0 (mod 2) Vv € V(G).

dg =2 #{i:v; =0}

Claim 2:
Let G be a graph with d;(v) =0 (mod 2) Vv € V(G).
Then every maximal simple walk in G is closed.

Let W = v, e, ...v6,v,,,, be a maximal simple walk in G. Suppose for contradiction that v; # v,
= dg (v1) =1 (mod 2).
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Since d(v;) = 0 (mod 2), we could have extended this walk by another edge, which is a
contradiction.

= follows directly from Claim 1.

<: Let W be a maximum simple walk in G. By Claim 2, W is closed.
Suppose for contradiction that Gy, # G.
As G is connected and Gy, # G, Juv € E(G) \ E(Gy,) : u € V(Gy)

G — Gy isagraph with dg_¢ (v) = 0 (mod 2) (as G has even degree for every vertex and by
Claim 1 Gy, has even degree for every vertex)

By Claim 2, there is a maximal simple and closed walk W’ in G — Gy, starting at u.
= B(Gy) 0
Take a walk W” in G_W starting at u such that Gy,» = Gy, (by doing a circular shift of W).

Then W’W?” is a longer walk, wich is a contradiction O

Lecture 08 (2025/11/04)

A cycle C C G is Hamiltonian if V(C) = V(G).

We say that G is Hamiltonian if it contains a Hamiltonian cycle.

Theorem 4.8 Dirac '52

i(G) > @ > 1 = G is Hamiltonian
Proof:
Claim: G is connected

Suppose not, then 3 connected component C' C V(G) with v(C) < @

= Jvertex v in C : dg(v) <v(C)—1< v(QG)

, which is a contradiction

# “Claim”

Let P = vyv;...v;, be a maximal path in G
= Ng(vy) C V(P); Ng(vy,) € V(P) (otherwise it could be extended)

NO = {Z € {1, ,k} . UO ~ Ui}
Nk = {7/ c {0,,k_ 1} . Uk ~ ,Ui}

We define a notation: A — z := {a — z | a € A} for sets A.

Observation: N, N (N, — 1) # ( = G[V(P)] is Hamiltonian (because if i € N, N (N, — 1), then
the path vy — v; .1 = v;. 9 = ... = v, = v; = v;_; — ... = v, is a Hamiltonian cycle)

We know: N, C {0,...,k— 1}, N, C{0,....,k—1}
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[N, N (Nyg — 1)| = [Npe| + [Ny — 1| = [N, U (INy — 1)

(<)) (<))
St k>u(@) k=1 (as Path P already has k + 1 vertices)

>

Therefore G[V (P)] is Hamiltonian.
If V(P) = V(G), then we are done.

Suppose for contradiction that V(P) # V(G).
As the graph is connected, Ju € V(P),w € V(G) \ V(P) : u ~ w. We showed that P is a cycle, we
can therefore break the cycle at u and extend it to w, which is a contradiction to P being maximal. O

For a graph on n vertices with degrees d; < ... < d,,, we call s; = (dy, ..., d,,) the degree
sequence of G.

Note

For a given graph the degree sequence is unique. For a given degree sequence the graph is
generally not unique.

has degree sequence (1,2,2,3,3,3)
Cy and C; U Cy both have degree sequence (2,2,2,2,2,2)

Notation: (2, ...,Z,,) < (Y1, -, yp,) <= Vi€ {1,..,n} 2z, <y,

(aq, ..., a,) is Hamiltonian if V graph G : s > (aq, ..., a,,) = G is Hamiltonian

Note
Using Dirac's theorem it follows that (%, ..., %) is Hamiltonian
——
n times
Theorem 4.12 Chvatal '72

Letn >3and0<a; <..<a, <n(with Vi: a; € Z)

(ay,...,a,)is Hamiltonian <= Vi < § :a; <i = a, ; >n —1
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Proof:
=
Suppose for contradiction that 3i < 5 : a; <iAa

nei <n—i—1(with (aq, ..., a, ) Hamiltonian)

Goal: to find a non-Hamiltonian G with s > r > (a4, ..., a,,) (with r being a degree sequence)

Observation: 7 = | 4,...,i,n—3i—1,....n—i—1,n—1,...n—1
——— N
% times entry n—1

We can construct such a graph G by talking an independent set of 4 vertices (=: B). Then, we take a
complete graph on n — ¢ vertices (=: C). Finally, we take ¢ vertices from the complete graph C' (=:
A) and connect all of them with all of the ¢ vertices in the independent set B.

Claim 1: G — A has ¢ + 1 connected components. (the 7 vertices from B and C — A)

Claim 2: If I C V(H) with H a Hamiltonian Cycle, |I| = i, then # connected components in H —
I < i (the proof is done via induction)

Claim 1+2 gives us a contradiction because if G was Hamiltonian and we remove A from it, we
would have at most ¢ connected components, but Claim 1 states that we have ¢ 4+ 1 connected

components.
# “é”
—:
Let (ay, ..., a, ) be a degree sequence satisfying Vi < 5 : a; < i =a, ; >n—i.
Suppose for a contradiction that (aq, ..., a,,) is not Hamiltonian.
Let B := {G non-Hamiltonian | sg¢ > (ay,...,a,)} # 0
Take G € B with e(G) = max{e(H) | H € B}.
Claim: for a graph H with sz = (dy,...,d,,) > (ay,...,a,) = sy satisfles Vi < § : d; < i =
d,_;>n—1
Let: < § withd; <i.Then,a;, <d; <i=d, 1 >a, 1 >2n—1
# “Claim”

P i= {(u,0) | u £ v,u0 ¢ B(G), dg(u) < dg()}.
Take (z,y) € P with dg(x) + dg(y) = max{dg(u) + dg(v) | (u,v) € P}.

For simplicity,  := d(z)

d(@) +d(y) <n—1
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We know 7 < % by assumtion and by Lemma 2: d,, < r
=d, ., >n—r
=n—r<d, .<d, .., <..<d

n

r+1 times

do(x)=r=32€V(GQ) :dg(z) >n—rAz~wzx

Lm 1
=n—1 > dg(z) +dgy) 2dg(®) +dg(z) 2n—r+r=n

Lecture 09 (2025/11/10)

Proof of Lemma 1:
SG+wy 2> Sa > a

= G + zy is Hamiltonian

= d path P =vyv;..v,_; C G withv; =z,v,_; =y
Let Ny:={i | vy ~v;}and N,,_; = {i | v,,_; ~v;}
Observation 1: (N —1)NN,,_; =0

Observation 2: Ny — 1, N,,_; C {0, ...,n — 2}

Obsl Obs2
dg(z) +dg(y) = |Ng — 1 +[Nyq| = [(Ng—1)UN, 4| < n—1
Proof of Lemma 2:
Leti e Ny — L.

If v; ~ y, then (as seen in Lemma 1) we find a Hamiltonian cycle, which is a contradiction.
= v, Y.

By the maximality of d;(z) + d(y) among non-adjacent pairs, we must have:

dg(v;) +dg(y) < dg(z) + da(y)
= dg(v;) < dg(x) =r.

The set of vertices {v, : i € N, — 1} has size [Ny — 1| = |Ny| = dg(x) = r.
Thus, we have found at least r vertices with degree < 7.

5 Travelling salesperson problem

A Travelling salesperson problem (TSP) is: Given a complete graph K, and ¢ : E(K,,) —

R. (. find a Hamiltonian cycle C' C K,, whose weight ¢(C) := ZeeE(C> c(e) is minimized.

A Metric TSP is a ¢ such that c(zy) < c(zz) + ¢(zy)
OPT(K,, c) := argmin{c(C) | C C K,,,C is Hamiltonian}

A is a p-approximation algorithm for f : I — R, (with p € R)if A(z) < p- f(z)Vx and
A is a polynomial time algorithm.
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MST(K,,, c¢) := argmin{c(T) | spanning tree T' C K, }

Given a TSP instance (K, ¢), we have ¢((MST(K,,,c)) < ¢(OPT(K,,¢))

Proof:Let C = OPT(K,,, )
Take e € E(C). C — e is a tree.
Therefore, c((MST(K,,,c)) < c¢(C —e) < ¢(C) O

A multigraph (V, E) is a pair where E is a multiset sucht that Ve € E: e C V A |e| = 2.

Algorithm 5.6 double tree algorithm (DTA)
Input: K, andc: K,, = R

1 Finda MST T

2 Duplicate T”s edges into a multigraph

3 Take an Eulerian tour W in T

4 Shortcut (by skipping all doubled vertices) W to obtain a Hamiltonian cycle C

Output: C

W = ACGCABDHDIDBEBFBA
C = ACGBDHIEF A (blue)

In metric TSP, the double tree algorithm satisfies
C =DTA(K,, c) = c¢(C) <2¢(MST(K,,c))

Proof: The proof follows from the triangle inequality and the fact that every edge in the MST is
traversed exactly twice in the Eulerian tour. O

Corollary 5.8

DTA is a 2-approximation algorithm for Metric TSP.
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Algorithm 5.9 Christofides' algorithm
Input: K, and ¢ : K,, — R_ metric
1 Finda MST T
2 o:={v|dp(v) =1(mod2)}
3 Find a minimum weight perfect matching (a 1-regular graph; exists as |o| is always odd)
M C K, [o] with respect to cK,, — R_, (running time O(n?) without proof)
4 G:=(V(K,),E(T)UE(M)) and take an Eulerian tour W in G
5 Shortcut (by skipping all doubled vertices) W to obtain a Hamiltonian cycle C'

Output: C'

In red: the perfect matching M
W = ABDHIDEBFGCA
C = ABDHIEFGCA (blue)

Note
¢(C) < ¢(MST) 4 ¢(M)

For Metric TSP and the minimum weight perfect matching M on the odd degree vertices of a
MST and the output C' of Christofides’ algorithm, we have
¢(M) < Le(OPT(K,,c))

= ¢(C) < c¢(MST(K,,,c)) + ¢(M) < ¢(OPT(K,,c)) + 3¢(OPT(K,,, c)) = 3¢(OPT(K,, c))

Proof:Let D = OPT(K,,, c¢)) Hamiltonian cycle of min. weight
Let C' be a Hamiltonian cycle in K,
Let M be a minimum weight perfect matching in K,

We can split C' into two matchings M; and M, (by taking every second edge)

Then: (M) < SMaltel) < elQ)  elD) ]

Lecture 10 (2025/11/11)
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6 Bipartite Graphs and matchings

Let G be a graph. G is bipartite if 34, B C V(G) : V(G) = AU B and e(G[A]) = e(G[B]) =
0.

We write G[A, B] to denote that G is a bipartite graph with bipartition (A, B).

Bipartite graphs:

0, iii 8:8 even cycles, K,, ., := (AU B, {ab | a € A,b € B}) (with |A| = n, |B| = m)

Non-bipartite graphs: complete graph on > 3 vertices, odd cycles

For two vertex sets A, B we define K[A, B] as the complete bipartite graph with bipartition
(A,B): K|[A,B] ;== (AUB,{ab | a€ A,b € B})

Let G be a graph. Then,
G bipartite <= odd cycle € G
Proof:
—:

W.L.O.G. assume G is connected. (otherwise apply the argument to each connected component)
Let T' C G be a spanning tree of G.

Claim: T is bipartite

Letr € V(T).
Letc: V(T) — {0,1} with ¢(v) := dp(r,v) mod 2.
Vuv € E(T) : |dp(u,r) —dp(v,7)| =1

= c(u) # ¢(v)
Therefore, T is bipartite with (A4, B) := ({v € V(T) | ¢(v) = 0},{v € V(T) | c¢(v) = 1})

Let (A, B) be the bipartition of 7T'.
Claim: G is bipartite with bipartition (A, B)
Suppose for contradiction that Juv € E(G[A])

Let P be the unique path in 7" between u and wv.
Then, P + uv is an odd cycle in G (as uwv ¢ E(T) as it is bipartite with (A, B)), which is a
contradiction.
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=

Let G be a bipartite graph with bipartition (4, B).

Suppose for contradiction that 3 odd cycle C C G.

Let vyv;...v,v, be the odd cycle (with k odd). WL.O.G. assume v, € A

=uv, €Bv, €A, ... ,u,€Bv, €A

This is a contradiction. O

M is amatching ifd,;(v) =1 VveV(M).
We call e(M) the size of the matching.

The size of a maximum matching is called the matching number and is denoted by v(G).

Q/ What is the size of the largest matching we can find in a bipartite graph?

Let G be a graph. X C V(QG) is a vertex coverif Ve € E(G) :eN X # ()

Note
For a matching M in G and X C V(G) a vertex cover,
| M| < |X]

Theorem 6.6 Konig
Let G be a bipartite graph, then
max{e(M) | M C G matching} = min{|X| | X C V(G) vertex cover}

Let M be a matching. A path P = vyv;...v;, is an M -alternating path if v, ¢ V(M) and P —
E(M) is a matching.

A

Matching M is marked red. The path P (marked black) is an M -alternating path because P —
E(M) (marked blue) is a matching and v, ¢ V(M).

Let G be a graph and M C G be a matching.
A path P = vyv,...v, is M -augmenting if P is M-alternating and v, ¢ V(M)
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M?@ )
Matching M is marked red. The path P (marked black) is an M -alternating path because P —
E(M) (marked blue) is a matching and v, ¢ V(M) and v, ¢ V(M)

Note

As the name suggests, an M-augmenting path P = v,v;...v;, can be used to augment a
matching M:

M’ = (V(M), E(M)AE(P))
(toggle all edges along the augmenting path)
Then M’ is a matching and its size increases by one:
e(M')=eM)—|E(P)NM|+ |E(P)\M|=eM)—t+(t+1)=e(M)+1

since along an M-augmenting path edges alternate and there is exactly one more non-M edge
than M-edge.

Proof of Theorem 6.6:
Let v(G) := max{e(M) | M C G matching} and 7(G) := min{|X| | X C V(G) vertex cover}.
We need to show that v(G) = 7(G).

We will show that there is a vertex cover of size v(G).
Let (A, B) be the bipartition of G and M a maximal matching.

Let f . E(M) - V(M), w s {v if Jx€e Adx—v M-alternating path

u otherwise

Let U = f(E(M)). U has size |U| = |E(M)| = v(G). We will now show that U is a vertex cover.

Letab € E(G)\ E(M) (wherea € A, b € B).
If a € U then we’re done.

Assume then that a ¢ U (we have to show b € U)
Ifa ¢ V(M)

, then ab is an M-alternating path (because b € V(M) or else ab would be an M-augmenting path
= M not maximal).
=beU.

Ifa e V(M)

, then let ¢ be the matched vertex to a in M.
By assumption, a ¢ U.
= f(ac) = c= 3z € A,x — ¢ M-alternating path P.

ac ab

P
Extending this path to x — ¢ — a — b gives an M-alternating path from x € A to b.

ac ab

As above b € V(M) (or else z 5) ¢ — a — b would be an M-augmenting path = M not
maximal). Therefore, there is an ¢ € V(M) with ¢b € E(M).
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f(cb) = b (as there is the M-alternating path)

|
Let G be a graph, M C G a matching and A C V(G).
M covers Aif AC V(M).
For a bipartite graph G[A, B]. G satisfies Hall’s condition (also called arriage condition) if
|INg(S)| > |S| forall S C A.
Theorem 6.11 Hall '35

Let G[A, B] be a bipartite graph. Then for A C G:

3 a matching covering A in G <= G satisfies Hall's condition <= |N4(S)| > |S| VS C A

Lecture 11 (2025/11/17)

Proof:
= trivial

<=: through induction on |A]:
Base case: |A| = 1, then |[N5(A)| > 1 (because the matching has to include an edge to A)

Induction step:

Leta € N.

LH.: |X| < a —1and H[X,Y] satisfying Hall’s condition = H[X,Y] D matching covering X
Suppose LH. holds.

Let G[A, B] be any graph satisfying Hall’s condition, |A| = a.
Claim: If [N (A)| > |S|+1 V (0 # S C A, then the proof is done.

Let ab € E(G).
Then, [Ny (S)| > [Ng(S)| =1 > S| V0 +S5C A\{a}

= H satisfies Hall’s condition.
Using the LH., the Claim is shown.

Assume (for contradiction) 30 # S C A such that |[Ng(S)| = | 5]

Let H,[S, Ny(S)] and Hy[AN S, B\ N4 (S)].

Hall’s condition is satisfied by H;.
By LH. (as S € A), 3 matching in H; covering S.

Claim: H, satisfies Hall’s condition.
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Suppose not.
3T C A\ S such that [Ny, (T)| < [T| — 1 (because

= [Ng(T)\ Ng(8)| = [Ny, (T)| < |T| =1
= [Ng(SUT)| = |Ng(S)| + [Na(T) \ Ng(5)| < |S| +[T| =1 < [SUT]

This contradicts the assumption that G satisfies Hall’s condition (applied to S UT C A).

By LH. (as S C A), 3 matching in H, covering A\ S.
The union of the two matchings covering S and A \ S gives a matching covering A.

6.1 Applications of Hall’s theorem

M C G is a perfect matching in G or a 1-factor if M is a matching and V(M) = V(G)

Any k-regular bipartite graph (k > 1) has a perfect matching
Proof:
Let G[A, B] be a k-regular bipartite graph.

For S C A, we know: k — |S| = e(G[S,N(S)]) < |N(9)| -k
= |S|<|N(S)] VSCA
= |A| < |B] (because we can take S = A)

By the same argument: |S| < |[N(S)| V S C B= |B| < |4
= [A| = |B|
Therefore, G satisfies Hall’s condition = exists a matching covering A.

Since |A| = |B

, this matching is perfect.

H is called a k-factor of G if H is k-regular and V(H) = V(G)

Let G be a 2k-regular graph (k >=1).
Then, G has a 2-factor.

Proof:
G has an Eulerian tour. Let D be the associated digraph (graph with directed edges).

For each vertex v € V(D), split it into v~ and v (just defining new vertices).

Define H = ({v—,v" | v € V(D)},{utv™ | (u,v) € E(D)})
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Let G be the following graph:

Then H is bipartite and k-regular.
By Lemma 6.13, H has a perfect matching.

This holds true for every G. H is bipartite and k-regular and therefore has a perfect matching. O

Q/ When does a graph have a perfect matching?

Notation:
For a graph H, let ¢(H) := # connected components in H with an odd number of vertices

Theorem 6.17 Tutte
Let G be a connected graph. Then,
G has a perfect matching <= VS C V(G),q(G — S) < |S]

A graph C is called critical if C' — v has a perfect matching Vv € V(C).

Notation:
€y :={C C H | C is a connected component in H}

S C V(G) is matchable with G _g if the auxiliary graph Hg with V(Hg) = S U €,_g and
E(Hg)={sC:5€ 8,C € 6,5_g and Ng(s) N V(C) # 0} has a matching covering S.
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Theorem 6.21 Gallai-decomposition

Let G be a connected graph. Then 35* C V(G) so that:
1. VC € G4_g- : C is critical
2. S* is matchable with €,_g.

Moreover, G has a perfect matching <= |€5_g.| = |S*|

Note

We can calculate the matching number v(G) using the set S*:

1
V(@) = 5((G) —a(G —57) +157))
This follows from the fact that each odd component in G — S* (which are critical) leaves one
vertex unmatched, and the vertices in S* can be matched with |S*| of those unmatched

vertices.

Lecture 12 (2025/11

Proof of Tutte's theorem assuming Gallai-decomposition theorem:
=
Let G have a perfect matching M. Let S C V(G).

Let C be a component of G — S with an odd number of vertices (C' is an odd component).

Since |V(C)| is odd and M is a perfect matching, the vertices in C' cannot be fully matched among
themselves (edges within C' cover an even number of vertices). = Jv € V(C) : v is matched to a

vertex u € V(G)\ V(C).

Since C' is a connected component in G — S, the only neighbors of C' outside of C arein §. = u €

S.

Therefore, every odd component in G — S requires at least one vertex in .S to match with. Since M
is a matching, these vertices in S must be distinct for each component.

=S| >q(G—-S9)

—:
Assume ¢(G —S) < |S| V SCV(QG).

By the Gallai-decomposition theorem, 35* C V(G) such that:
1. All components in G,_g. are critical.
2. S* is matchable with €_g-.

Step 1: Since every component C' € B_g. is critical, |V (C)| must be odd (as C — v has a perfect

matching, v(C) — 1 is even). = |65_g.| = ¢(G — S*)

Step 2: Since S* is matchable with 6 _g., there exists a matching in the auxiliary graph covering
5% =[5 < €qs:| = ¢(G—57)

Step 3: By our initial assumption (Tutte’s condition) applied to S*: ¢(G — S*) < |S*|
= |S*|.

Combining Steps 2 and 3, we get |€5_g-
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By the “Moreover” part of the Gallai-decomposition theorem: |6,_g.

= |5 <=
G has a perfect matching

Therefore, G has a perfect matching.

Proof of Gallai-decomposition theorem:
We proceed by induction on v(G).

Base case: For G = ({a, b}, {ab}), S = 0 works (check manually).

Induction hypothesis: Assume the theorem holds for any graph H with v(H) < v(G). In
particular, Tutte’s theorem holds for any H with v(H) < v(QG).

Letr(T) :=q(G—T) — |T| forany T C V(G).

Let Z:={T C V(G) | r(T) = maxp r(T")}.
Choose S € & such that | S| is maximized (i.e.,

S| = maxpcg|T)).
Claim 1: All connected components in G — S are odd. (Implies |€,_g| = q¢(G — S)).

Suppose not. Let C' € € _g be a component of G — S so that |C| is even.
Letv € V(C).

Since |V (C)| is even, C' — v has odd order, so ¢(C —v) > 1.
gG—=S5-v)=¢(G=5) - 0 +q¢(C-v)=2q¢(G-5)+1

C is even

=r(SU{v})=q¢(G—S—v)—(|S|+1)>q(G—-S5)+1—|S|—1=r(9).

This means S U {v} also maximizes r, but |S U {v}| > |S
largest maximizer.

, contradicting the choice of S as the

Proof of 1 (Criticality):

Suppose 3C' € G;_g : C not critical
= Jv € V(C) such that C' — v does not have a perfect matching.

By induction hypothesis (Tutte’s theorem on G — v), ¢(C —v — S”) > |S’| for some S” C
V(C)\A{v}

Parity argument: |V (C)| is odd = |[V(C —v —8")| = |5’| (mod 2).
Since q(H) = v(H)(mod 2), we have ¢(C —v— S") = |S’| (mod 2).
=q(C—v—-8")>|5]+2

Let T :=SU{v}US"
qG—T)=q(G—8)—1+q(C—v—5")>q(G-S)—1+1|5|+2.

=>r(T)=qG-T)—(S|+1+|5]) 2q¢(G—=8)+|5|+1—|S]|—1—|5"| =r(5).

Since T' D S, this contradicts the maximality of |S|.

Proof of 2 (Matchability):
Suppose S is not matchable with €, _g.
By Hall’s theorem on the auxiliary graph Hg, 35" C S such that [Ny _(S")| < |S’].
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Consider T' := S\ S". Any component C € 6_g that is not a neighbor of S” in Hg is
disconnected from S” in G, so it remains a component in G — 7.

(G —T) > q(G—8) — [Ny ().

r(T) = q(G—T) — (S| = |8"]) = 4(G = ) — [Ny (8")| = S| + |5"| = () + (15| -
[Npz, (87)]).
Since |S’| > [Ny _(57)

, we have r(T") > r(S), a contradiction.

We have found S* = S satisfying conditions 1 and 2.
“Moreover <":

Assume |Bg_g.| = [S*|.
Since S* is matchable into € _g. and the sizes are equal, there exists a perfect matching M}; in
the auxiliary graph Hg..

Construct a perfect matching for G:

1. For each edge sC € My (where s € S*,C € €), select the edge sv € E(G) where v € V(C)
(guaranteed by definition of Hg).

2. Since C is critical, C — v has a perfect matching M.

3. M :={sv|sCeMyz}U U M is a perfect matching of G.
Ce®

“Moreover =—":

Let G have a perfect matching

By Hall’s condition (and the fact S* is matchable),

S < |€g_s-l-
By Tutte’s Theorem (necessary condition), (G — S*) < |S*|.

Since G _g. consists of odd components, |65_g.| = ¢(G — S*).

Therefore, |65_g.| = |S*|.

A graph G is l-edge-connected if VF C E(G) : |F| <1—1= G — F is connected

Let G be a 3-regular and 2-edge-connected graph.
Then G has a perfect matching.

Proof: We want to show that G satisfies Tutte’s condition: |S| > ¢(G —S) V S C V(G).
Let 0 := {c € G5_g | v(C) odd} be the set of odd connected components in G — S.

Letes(S,C) := #{e € E(G) | |eU S| =1 = |eU C|} be the number of edges between S and a
component C.

Consider the edges leaving S. Since G is 3-regular:
> dg(v) = 3|S| = 2¢(G[S]) + e (S, V(G)\ S)

veS

Since edges leaving S must go to some component in G — § (either odd or even), we have:
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3IS| > (S, V(G)\ S) > ) " eq(S,0)

Ceo
Claim: e;(S,C) >3 VCe€O

Consider the sum of degrees for vertices in an odd component C"

Z dg(v) =3V(C)

veV(C

On the other hand, counting edges incident to C:
Z dg(v) = 2e(C) + eq(S,C)

veV(C
= 3|V( )| =2e(C) +eg(S,0)
Since |V(C)| is odd, 3|V (C)| is odd. Since 2¢(C) is always even, e (S, C') must be odd.

Since G is connected and specifically 2-edge-connected, there must be at least 2 edges leaving any
proper subset of vertices

=eq(S,0) > 2.

An odd integer greater than or equal to 2 must be at least 3.

=eq(S,C) >3

#
Combining the inequality with the claim:
3IS| > > eq(S,C) > > 3=316] =3¢(G—S)
Ceo Ceo

Dividing by 3 gives |S| > ¢(G — S).
By Tutte’s Theorem, G has a perfect matching. |

6.2 The Hopcroft-Karp algorithm

A graph G is a (vq, ..., v,.)-rooted layered graph if 3 disjoint Ny, ..., N, CV(G) : V(G) =
We call N, ..., N,, are called the layers of G.
We define L(G) := N, (the last layer of G).

Given a layered graph G (with layers N, ..., N;) and M C G, G is called M-alternating if
. E(G\E(M) if i=0(mod 2
Vi€ {0,1,...h =1} : B(G[N;, N;14]) € {EEJ\/I)) . ifizlgmod2§'

(with G|N;, N, ] being the bipartite subgraph of G induced by the vertex sets N; and N, ;
from definition above)
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Algorithm 6.26 The Hopcroft-Karp algorithm
Input: a bipartite graph G[A, B]

Set M, := 0 andi:=0
While M; is not a maximum matching, do:

1. Set s := |A\ V(M,)| and label the vertices in S as {vy, ..., v, }

2. Use BFS to build a (v, ..., v,)-rooted layered M;-alternating graph T;. Stop building 7;
when L(T;) \ V(M,) # 0 or no new vertices can be added.

3. Find a maximal collection 7, of vertex-disjoint shortest M;-augmenting paths in 7,

4. Set M;,; = M;APWAPPDA..APY (with PV, ..., P € P)

5.0+ 1+1

Output: a maximal matching M,

Lecture 13 (2025/11/24

Let G be a bipartite graph and M C G a matching.

Then, M is maximal <= G has no M-augmenting path.

Proof: “=": Note 6.9

“&=": exercise O

Let G be a bipartite graph and M; C G be a matching obtained in the i-th iteration of the
Hopcroft-Karp algorithm.

Let P a shortest M,-augmenting path in G.

Then, P C T} (where T is the layered graph constructed in the ¢-th iteration of the Hopcroft-
Karp algorithm).

Corollary 6.29

The Hopcroft-Karp algorithm works correctly (i.e., outputs a maximum matching).

Proof: By Lemma 6.28, all shortest M;-augmenting paths are contained in T;. = |M;| < |M; ;| <
@ until 2M;-augmenting path.

By Lemma 6.27, when no M;-augmenting path exists, M, is maximal. a

Proof of Lemma 6.28: As P = uyu,...u;, is M;-augmenting, P is also M;-alternating and vy € A \
V(M;) and u;, € B\ V(M,):
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Let N; be the j-th layer of T;.

Let NS] = NO U ce U N]

Claim: Vj" € {0, ...,k} 1 uy € Ny
Proof by induction on j:

Base case: j' = 0, thenu, € Ny =S5 = A\ V(M)

*uy € Neyanduyuy g € BE(M;) = uy g € Nejryy
because in T}, odd layers (B-side) expand only along matched edges to the next even layer, so
BFS discovers u; 1y by level j/ + 1.

*uy € Neyanduyuy,, € E(G)\ E(M;) = uj g € Nejryq
because in T}, even layers (A-side) expand only along unmatched edges to the next odd layer, so
BFS discovers u; 1y by level j* + 1.

#

By the claim, V(P) C V(T;) and u;, € L(T) (since u;, € B\ V(M,) by the definition of T in the
algorithm).

In particular, the height of T} is k.

Goal: u; € N,V (as this implies u;_ju; € T; [Njfl, Nj])

Define f : {0,...,k} — {0,...,k} as f(j) =i <= u; € N;. (i.e,, f(j) is the layer index of vertex u; in
T;)

Observation: f(j) > f(j —1) = |f(j) — f(j — 1)| < 1 because BFS levels are alternating
distances:

A shortest alternating path to u;_; followed by u; ;u, has length f(j —1) + 1,0 f(j) < f(j —
1)+ 1.

Since f(0) = 0 and u;, € L(T;) gives f(k) = k, we get

k
k=fk)—f0)=>fG)—fG—1).

J <1

The sum has k terms, each < 1, yet totals &, hence every term equals 1. Therefore f(j) = j for all 7,
ie,u; € Nyandu; ju; €T, [Nj,1, Nj]. O

Let G be a bipartite graph, M C G a matching and P C G a shortest M-augmenting path in G.
If Q is a M A P-augmenting path in G, then e¢(Q) > e(P) +e(P N Q)

Proof: P is M-augmenting = |MAP| = |M|+1

Q is (M AP)-augmenting = |N| = |M| + 2, with N := MAPAQ.

Consider H := MAN = PAQ.

H consists of vertex-disjoint paths and cycles (max degree 2).

Since |N| = |M| + 2, H must contain at least two components where N-edges exceed M-edges.
Thus, there exist two vertex-disjoint M-augmenting paths P, P, in H.

Since P is a shortest M-augmenting path, e(P,) > e(P) and e(B,) > e(P).
Using e(AAB) = (e(A) —e(AN B)) + (e(B) —e(AN B)):
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e(P) + e(Q) — 2¢(P N Q) = e(PAQ) = e(H)
> e(R) + e(B) > 2e(P)

=e(Q)>e(P)+2(PNQR)>e(P)+e(PNQ) O

Let I; be the length of the shortest M;-augmenting path in G in the i-th iteration of the
Hopcroft-Karp algorithm.

Then, I;,, > I, + L.

Lecture 14 (2025/11/25)

Proof:
Let P be a shortest M, ;-augmenting path in G. Thus e(P) = ;.
Note that M, = M;A(PMD uU...uPD).

Case 1: V(P) NV (PY) = 0vj € {1,...,1}

Since P is vertex-disjoint from all P9, it is not affected by the augmentation. Thus, P is also an
M -augmenting path.

Since {P(l), ces P(l)} is a maximal set of vertex-disjoint shortest M, -augmenting paths, and P is
disjoint from all of them, P cannot be a shortest path (otherwise it would have been included in
the set).

=e(P)>1,=eP)>1,+1

Case2:3j € {1,..,1} : V(P)NV(PY)) # 0
Let k := max{j: V(P) NV (PY)) + 0}
N := M;APWAPZA. AP+

Observation 1: P(*) is a shortest N-augmenting path in G.
Because P, ..., P(*~1) are vertex-disjoint from P*¥), augmenting along them does not change
the status of edges or vertices in P*), Thus e(P(k)) =1,

Observation 2: P is a NA P*)-augmenting path in G.

Because P is vertex-disjoint from P*+1 . PU (by the choice of k), the subsequent
augmentations do not affect P. Thus, P is augmenting with respect to M, ; if and only if it is
augmenting with respect to NAP®),

We apply Lemma 6.30 with M = N and Q = P:
e(P) > e(P®) +e(PnPW).

Since V(P) N V(P(k)) # (), the paths share a vertex. In bipartite matchings, two alternating paths
sharing a vertex must share at least one edge (otherwise the alternating parity constraints at the
shared vertex would be violated).

=e(PNPW)>1.
=e(P)>1,+1.
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Claim
Let M* be the matching output by the Hopcroft-Karp algorithm on a bipartite graph G[A, B].

Then, e(P) > i VM,;-augmenting path P C G in M*AM,.
v(Q)

7

In particular, #M,-augmenting paths in M*AM, <

Proof: Let P be an M;-augmenting path in M*AM,.
Since M* is a maximum matching, M, cannot be larger than M*.

Since P is an M;-augmenting path, its length must be at least the length of the shortest M-
augmenting path in G, which is [;.

From the previous lemma, the shortest path length increases strictly with each phase, so e(P) >
The paths in M*AM,; are vertex-disjoint.

Let k be the number of M;-augmenting paths in M*AM,.
Summing the vertices involved:

k k

v(G) > Zv(Pj) = Z(e(Pj) +1) > k(@ +1) > ki
= k< Y9

1

Claim

. . . . »(G
|M*| — |M;| < #M,-augmenting paths in M*AM, < (2 )

Proof: Consider the symmetric difference H = M*AM,.
The components of H are isolated vertices, even cycles, or paths.

Since M* is a maximum matching, H cannot contain any M *-augmenting paths (otherwise M*
could be improved).

Thus, the only path components in H are:

1. Even length paths (equal number of edges from M* and M,).

2. M;-augmenting paths (more edges from M* than M;).

Each M;-augmenting path contributes exactly 1 to the difference | M*| — | M,|. Even paths and
cycles contribute 0.

= |M*| — |M;| = #M,-augmenting paths in H.

The inequality |M*| — | M;| < # paths holds with equality.
v(G)

The upper bound =5~ is trivial as paths are disjoint and consume at least 2 vertices.
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Note Runtime of Hopcroft-Karp

Let n := v(G) and m := e(G).
Since each phase (BFS + finding maximal set of paths) takes O(m), we optimize the total
runtime by splitting the execution at iteration i:

T(n,m)= O(mi) + O(m%)

first ¢ phases —_—
remaining phases
. n
=0 (mz + m—,>
(3

The second term follows from the fact that the shortest path length increases strictly (I; > 7).
By the claim above, after 7 phases, the remaining number of augmentations needed is at most
L
l, = i

Since each phase adds at least one edge to M, there are at most % phases remaining.

Balancing the terms by choosing i = y/n:

O(m\/ﬁ-i- m—e
n

J7) =otmv)

7 k-Connectivity

A graph G is k-connected if VX C V(G) : | X| < k—1= G — X is connected.

k(G) := max{k | G is k-connected} is called the (vertex) connectivity of G.

For a graph G, X C V(QG) is called a separator if G — X is disconnected.

Observation

6(G) = r(G)

Theorem 7.3 Mader '72

Let k € Ny, and G be a graph with d(G) > 4k. Then G contains a (k + 1)-connected subgraph
H with d(H) > d(G) — 2k + 1

Proof: Let d* = d(G) and H C G be so that e(H) = min{e(G’) | G’ C G,v(G’) >
2k and e(G’) > L (v(G') — k) }.
Goal: show that H is (k + 1)-connected and d(H) > d* — 2k.
Claim 1: v(H) > 2k + 1
e(H) > %L (v(H) —k) > 2k - k = 2k?

Suppose for contradiction that v(H) = 2k.
Then, e(K,,) = (%) = k(2k — 1) < 2k2.
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As H C Ky, e(H) < e(Ky,,) < 2k? is a contradiction.

Claim 2: 6(H) > £ + 1
Suppose for contradiction that Ju € V(H) : dpy(u) < &.
By Claim 1, v(H — u) > 2k.
e(H —u) = e(H) — dp(u)
d* d*
>L wH) —K) -
> L) -2
d*
= 7(’0([‘]) —k—1)
d*
= E(U(H—u) — k)
This contradicts the choice of H minimizing e(H ).
Claim 3: d(H) > d(G) — 2k
5 __ 2e(H) « V(H)—k
d(H) = T > d" =55
_ s d'k
=4 =5
>d*—2k (byClaim2, v(H)>%<+2>%<)

Claim 4: H is (k + 1)-connected
Suppose for contradiction that 3X C V(H) : | X| < k and H — X is disconnected.
Let K € €y_x
Let H, = H[K U X]
Let Hy:=H - K
Claim 5: Vi € {1,2} : Ju € V(H,) : Ny (u) = Ng(u)
For H,: take u € K. As X separates K from the rest, Ny (u) C KN X = V(H;).

For H,: take u € V(H) \ (K N X) (exists as H — X disconnected). As X separates u from K,
Nyg(u) € VIH)\ K = V(Hy).

By Claim 5, H; contains a vertex u with dy (u) = dp(u) > §(H).

By Claim 2, §(H) > 4 + 1 > 2k.

Thus, v(H;) > dy (u) > 2k. Since H; ¢ H, by the minimality of H:

e(H;) < §(v(H;) — k)Vi

Summing the edges (noting v(H;) + v(H,) = v(H) + | X|):
e(H) < e(H;) +e(H,)

*

< %(U(Hl) + v(H,y) — 2k)

= C(o(H) + |X| ~ 28)
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= L (o(H) — k) + S(1X] k)

Since | X| < k, the term (| X| — k) < 0.

= e(H) < £ (v(H) — k), which contradicts the definition of H.

|
Lecture 15 (2025/12/01)
Let G be a graph, z,y € V(G) and U C V(G) \ {z,y}. We say that U separates x and y or
U is an -y separator if every z-y path in G contains a vertex from U.
A collcetion {P(l), ceey P(T)} of z-y paths are (internally) vertex-disjoint if V(P(i)) N
V(PY) = {z,y}Vi#j
Observation
Letxy € (5); U is a z-y separator and P is a collection of vertex disjoint -y paths. Then,
U] > |7]
Theorem 7.6 Menger's theorem
Letzy € E (@) Then,
min{|U| | U is a x-y separator} = max{|P| | P is a collection of vertex-disjoint z-y paths}
Proof: “>”: follows directly from the above Observation
#

“<”: by induction on e(G).
Base case: empty graph (trivially true)

Let zy € E(@) and k := min{|U| | U is a z-y separator}

Goal: show that 3 collection 2 of k vertex-disjoint z-y paths in G.
This is obviously true for k < 1. Assume k > 2.

Case 1: Jw € Ng(x) N Ng(y).

Consider G — w. Any z-y separator in G — w must have size > k — 1. (Reason: If G —w had a
separator U’ with |U’| < k — 1, then U’ U {w} would be a separator in G of size < k,
contradicting minimality).

By induction hypothesis, 3k — 1 vertex-disjoint z-y paths in G — w. Adding the path z-w-y yields
k paths.

#
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Case 2: 3z-y separator U in G : |U| =k, U € Ng(z) and U € Ng(y).

Let C, be the union of components in G — U not containing y.
Let C,, be the union of components in G — U not containing z.

Let G, be the graph obtained from G by contracting C, into a single vertex y’ (and adding edges
from ¢’ to all u € U).

Let G, be the graph obtained from G by contracting C,, into a single vertex =’ (and adding edges
from z’ to all u € U).

Claim: e(G,) < e(G) and e(Gy) < e(Q).

Since U € Ng(y), the y-side (C,) is not just a single vertex attached to U; it has internal
structure or size that gets removed when we contract it to 3. Thus G, is strictly smaller than
G. The same logic applies to G,

Since U is a minimum separator in G, it remains a minimum separator in G, (separating x and y’)
and G, (separating x’ and y).

By IH, G, has k paths from z to U.

By IH, G, has k paths from U to y.

Concatenating these paths at the vertices of U provides k vertex-disjoint paths from x to y in G.
#
Case 3: N (z) N Ng(y) = 0 and Vz-y separator U in G : |[U| =k = U C Ng(z) or U C Ng(y).
Let P be a shortest z-y path. Let u, v be the vertices in P such that P = z, u, ..., v, y.
Observation: v ¢ N (x) (by minimality) and v # y.
Let H = G — uv (remove edge uv if it exists, or break path).

+ If every z-y separator in H has size > k, then we’re done by IH.
+ Assume Jz-y separator W in H : |W| =k — 1.

Claim: W C Ng(z) N Ng(y).

Let W, = W U {u} and W, = W U {v}. Both separate z,y in G and have size k.

By the assumption of Case 3:

1 W, ¢ Ng(z) (as v ¢ No(a)). = W, € Ng(y) = W € Na(y)

2. W, € Ng(y) (asu € Ng(z) and N(z) N N(y) = 0). = W, C Ng(z) = W C Ng(z).

Thus W C Ng(z) N Ng(y) = 0.
=W =0=k=1
Contradiction (as we assumed k > 2).

Corollary 7.7
Let G be a graph.

G is k-connected <= Vz # y € V(G)3k vertex disjoint z-y paths

Proof: “<=”: wlo.g. k > 1 (trivial for £ = 0)
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In the worst case, there is the -y path just consisting of the xy edge, and k — 1 vertex disjoint -y
paths with at least one vertex.

= #H vertices>k—1+2=k+1

LetU C V(G) with |[U| < k — 1.
=v(G-U)=vG)—-|Ul>2(k+1)—(k—-1)=2.

Letz,y € V(G)\U.If zy € E(G —U), then z and y are connected in G — u.
If zy ¢ E(G — U), then by Menger’s theorem, Jz-y path in G — U.

“=—=": Let G be k-connected.
= G — R contains a z-y path VR C V(G) \ {z,y} with |R| =k —1

Case 1: xy € E(a) Then we’re done by Menger’s theorem.

Case 2: zy € E(G). Then G — zy is k — 1-connected. By Menger’s theorem, we can find k — 1
vertex-disjoint z-y paths in G — xy.
The edge zy gives the k-th path.

7.1 A generalisation of Menger’s theorem

For sets S, T, we say that a path P = v,,...v;, isa S-T pathif vy, € Sand v, € T.

We say that {P(l), cey P(T)} is a collection of (internally) vertex-disjoint S-T" paths if
(a) P isa S-T path Vi
(b) V(PO)YNV(PY) CSUTVi+j

U is an S-T separation in G if G — U doesn’t have an S-T pathand U C V(G) \ (SUT)

Theorem 7.11

Let G be agraphand S,T C V(G) with SNT = () and e(G[S,T]) = 0. Then,
min{|U| | U is S-T separator} =
max{|P| | P collection of vertex-disjoint S-T" paths in G}

Proof: Let G’ be the graph where S is replaced by a single vertex s and T is replaced by a single
vertex ¢ such that Ny (t) = Ng(T) and N/ (s) = Ng(s).

Then, U is a s-t separator in G’ <= U is a S-T separator in G.

Then, apply Menger’s theorem on G’.

Lecture 16 (2025/12/02
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Theorem 7.12

Let G a graph. If ¢(G) > 3 and a(G) < k(G), then G has a Hamiltonian cycle. (with a(G) :=
max{|I| | I C V(G),e(G[I]) = 0})

Proof: Suppose for contradiction that G is not Hamiltonian.

Let C be a longest cycle in G with V/(C) = {vy, ..., v;} (indices mod I).
Since v(G) > [, let D be a connected component of G — C.

Let B := N (D)NV(C) = {v; | i € I} be the neighbors of D on C.

B| > k(G) > a(G).

Since B separates D from the rest of the graph (or G is connected),

Let S := {v;; | © € I} be the successors of the vertices in B along C.

Observation 1: BN S = 0 (if v;,v,,; € B, we could extend C through D).

Observation 2: S is an independent set (if v;; ~ v, ;, we could extend C by going v; —
through D — v; = vy = oo = 04 = vj4).

Observation 3: No vertex in S is adjacent to any vertex in D (otherwise C' extends).

Letz € V(D). Then A := S U {z} is an independent set.
|A|=1|S|+1=|B|+1>a(G)+1.

This contradicts the definition of a/(G).

8 Flows in Digraphs

A directed graph or digraph is a pair (V, F) with E C {(u,v) : u,v € V,u # v}

Let G be a directed graph. A function ¢ : E(G) — R_ is called capacity function.

Let G be a digraph, s #t € V(G), c: E(G) — R, . We say that f : V(G) x V(G) - Risa
(¢, s,t)-flow in G if

(1) 0< fu,v) < clu,v) ¥ (uv) € B(C)
@) flu,v) =0 V (u,v) ¢ E(G)
(3) zueV(G) fv,u) = ZueV(G) f(u,v) ¥V veV(G)\ {s,t} (Kirchhoff current law)

s, t are called the source and sink of the flow, respectively.

48



The capacity c is omitted. The flow is marked on edges. Where there are no edges, the flow is 0.

In this definition, s and t are exchangeable. By convention the flow is from s to ¢.

Let G be a digraph, s #t € V(G), c: E(G) = R.j and f a (¢, s,t)-flow in G.
The value of the flow f is defined as | f| = ZueV(G) f(s,u) — ZueV(G) f(u,s).

The value of a (c, s, t)-flow in G is

fl= Y flsw)— D flus)= Y f(s,u)— f(u,s)
) )

ueV(G ueV(G ueV(G)

Let f be a (¢, s,t)-flow in G. Then,

Proof: | f| i3 Gow di Z ( Z f(s,u) = f(u, 3)) =
)

zeV(G\{t} \ueV(G

f(u7t) - f(tvu)
(@)

ueV

Q/ Given (c, s,t) and a digraph G, what is max{|f| : f is a (¢, s,t)-flow in G}?

A s-t cut of G is a partition V(G) = SUT withs € Sandt € T.
For ¢ : E(G) — R, we write ¢(S,T) = Z c(u,v). c(S,T) is called the capacity of

u€eS

veT

(u,v)EE(G)
the cut.

Let f be a (¢, s,t)-flow in G and let (S, T') be a s-t cut. Then,

fl<e(S,T).

Proof:

0= Z ( Z f(u,v) — f(v,u)) (Kirchhoff current law)

eV(G)
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-y ( > f<u,v>—f<v,u>) +171-11]

ueS\{s} \veV(G)
— Z( Z f(u,v) —f(v,u)) — |/l
ueS \veV(G)
- ZZ(f(u,U) — f(v,u)) — | f|
ueS veT
= (f(u,v) = f(v,u)) —|f|
uesS
veT

= [l = (f(u,v) = f(v,u))

u€eS
veT

<D flu,v)

u€esS
veT

< Zc(u,v)

u€eS
veT

=c(S,T)

Note
A (¢, s,t)-flow f in G is called maximum if | f| = max{|f’| | f is a (¢, s,t)-flow in G}

A s-tcut (S,T) in G is called minimum if ¢(S,T) =
min{c(S’",T") | (S',T") is a s-t cut in G}

Theorem 8.9 Max-Flow Min-Cut Theorem

Let G be a digraph, s,t € V(G), s #t,c: E(G) — R. Then,
max{|f| | fis a (c,s,t)-flow} = min{c(S,T) | (S,T) is an s-t cut}

Note

The existance of maximum flows and minimum cuts follows from this analysis theorem:
Let D C R™ be a compact and f : D — R be a continous function. Then 3z € D : f(z) =
supyep f(y)

Proof of Theorem 8.9: Let f : V(G) x V(G) — R be a maximal (c, s, t)-flow.

Goal: construct a s-t cut (S,T") with | f| > ¢(S, T). (the other direction follows from the previous

lemma)

Let H = (V(G), {(u,v) | f(u,v) < c(u,v) or f(v,u) > 0}) a directed graph.
(in other words, (u,v) € E(H) if we can increase f(u,v) — f(v,u) without violating the first

constraint of flow)

Let S:={ve V(H) | 3s — v pathin H}
Claim: t ¢ S
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Suppose for contradiction that ¢t € S.
Then, there exists an s-¢ path Pin H.

)—f(u,v) if (u,v)€E(G)
Lete := mln(u v)EE(P {f if (u,v)¢E(G) > 0.

We define a new flow f’ by updating the flow along edges e € E(P):

« Ife = (u,v) € E(G): Set f'(u,v) := f(u,v) +¢.
(Valid since e € E(H) = f(u,v) < ¢(u,v) and € < c(u,v) — f(u,v))

v)
« Ife = (u,v) ¢ E(G): Then (v,u) € E(G). Set f'(v,u) := f(v,u) —e.
(Valid since e € E(H) = f(v,u) > 0and e < f(v,u))

For all edges notin P, ' = f.
Then |f'| = , which contradicts the maximality of f.
= (S,V\S)isas-tcutinG.

Let T := V(G) \ S. Consider any uinS and vinT'. By definition of S, there is no edge from S to T’
in H (otherwise v would be reachable from s). = (u,v) ¢ E(H).

By the definition of E(H), (u,v) ¢ E(H) implies two things:
1. Itis not true that f(u,v) < c(u,v) = f(u,v) = c(u,v).
2. Itis not true that f(v,u) >0 = f(v,u) =0.

We calculate the value of the flow across the cut:

1 =D (flu,0) = f(v,u))

Lecture 17 (2025/12/08)

Theorem 8.10
Let G be a digraph, s,t € V(G), s #t, ¢ : E(G) — N.. Then,
3 maximum (c, s, t)-flow f: V(G) x V(G) = Ry with f(z,y) e Ny, V 2,y € V(G)

Proof:

Recall: min{c(S,T) : (S,T) is an s-t cut} > |f| = Z (f(s,v) — f(v,s)) for any (c, s, t)-flow
veV(QG)

f

Goal: Find a (c, s,t)-flow f : V(G) x V(G) = Ny and an s-t cut (S, T) with ¢(S,T) < |f].

Leti > 0and f; : V(G) x V(G) — Ny be a flow (not necessarily maximum).
Let Hz = (V(G)a {(’U,, U) ’ fi(u7v) < C(’LL,’U) or fi('U,'U/) > 0})
Let S; = {ve V(H,;) | 3s — v path in H,}
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Case 1: t € S

Since t € S;, there exists an s-t path P in H,.

We define f; ; by updating the flow along edges e € E(P):

« Ife = (u,v) € E(G): Set f;,1(u,v) = f;(u,v) + 1.
(Valid since e € E(H;) = f;(u,v) < ¢(u,v))

« Ife = (u,v) ¢ E(G): Then (v,u) € E(G). Set f; 1 (v,u) := f;(v,u) — 1.
(Valid since e € E(H;) = f;(v,u) > 0)

For all edges notin P, f; ; = f,.

Result: Flow conservation is preserved at internal nodes, while the net flow out of s increases.
|fi+1| = |f7,| +1

We repeat this step. Since | f| increases by integers and is bounded by the total capacity, this
process terminates (transitioning to Case 2).

Case2:t ¢ S,

Set f:=f,,S=8,and T =V(G)\ S.
Then, (S,T) is a s-t cutin G.
0= (f(w,v) = f(v,u)+|f|—If|

ueS\{s}
veV(G)

= > (flu,0) = fv,u) = |f]

u€es
veV(QG)

= 1fl= Y (Fflu,v) = flo,u) =Y (f(u,v) — f(v,u))

ueS ueS
veV(Q) veT

=) _(fu,0) =0)

=c(S,T)

Note

The above construction can be done algorithmically. The algorithm for that is called Ford-
Fulkerson algorithm.
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9 Planar graphs

A graph G is called planar if 3 injective map p : V(G) — R? and continous maps h,,,, :
[0,1] - R?* Vuv € E(G) so that:

(1) {Puy(0), by (1)} = {p(u), p(v)}Yuv € E(G)
(2) Yuv,zy € E(G),uv # xy we have

hey ([0,1]) N Ay, ([0, 1)) = {p(2), p(y)} N {p(u), p(v)}
Set h = {h,, | zy € E(G)}. We refer to (p, h) as a plane embedding of G.

(G,p, h) is called a plane graph.
h(G) = Ugyep () Pay([0,1]) is called a drawing of G

Observation

h(G) is compact.

Theorem 9.2 Fary's theorem

A graph G is planar if and only if 3 a plane embedding (p, h) of G so that h,, ([0, 1]) is a
straight line segment Yuv € E(G) (ie. h,,(t) = p(u) + t(p(v) — p(u))

Proof: Without proof O

Let G be a planar graph and (p, h) be a plane embedding of G. For x € R?, define
F@®@ .= {yeR?|3g:[0,1] — R? continuous with g([0,1]) C R? \ h(G),
9(0) = = and g(1) = y}
F is called a face of (G,p,h) if 3z € R? with F = F®),
F(G) :={F | F is a face of (G, p, h)} is the set of all faces of (G, p, h).
We denote with f(G) := |#(G)| the number of faces of (G, p, h).
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Observation
(a) Each face is open in R2.

Proof: Let F be a face and x € F'. By definition of F', there exists a continuous function g :
[0,1] — R? with ¢([0, 1]) C R? without h(G), g(0) = x and g(1) = y for some y € R2.
Since R? \ h(Q) is open (as h(G) is compact), there exists an open ball B_(z) C R?
without h(G).

Let z € B_(z). Define the continuous function ¢’ : [0,1] — R? by

, <
9'(t) = {g(l) +2(t—3)(z—g()if 5 <t <

Then, ¢’ ([0,1]) C R? without h(G), ¢’(0) = zand ¢'(1) = y.

Thus, z € F. Since z € B, (z) was arbitrary,

B_(z) C F. Thus, F is open. O
(b) As h(G) is compact, G has only one unbounded face.

We call this face outer face and the other ones inner face.

Proof: As h(G) is compact, there exists a sufficiently large ball By (0) so that h(G) C
Bg(0).

Let z,y € R? with ||z|, |y| > R. We can find a continous function g : [0, 1] — R? with
9([0,1]) € R? without B (0), g(0) = z and g(1) = y (e.g. a circular arc outside B (0)).

Then, g([0,1]) € R?2\ h(G), g(0) = z and g(1) = y.
Thus, z € F%). Since z,y were arbitrary, there is only one unbounded face. O

Let G be a planar graph. X C R? is called path-connceted if Vp,q € X :
3 continous map ¢ : [0,1] — X such that ¢(0) = p and ¢(1) = q.

An open set & C R? is connected if V open sets o,,0, C U;0,,04 # 0; 0, N0y = 0; we have
U+ o,Uo,.

Theorem 9.6
Let { C R? be open. Then, U is connected if and only if 2 is path-connected.

Proof: Without proof

Note

By above observation and above theorem, every face is a connected open set.
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p € R? is called accessible from U if 3 continous map ¢ : [0, 1] — R? with ([0,1)) C U
and (1) = p.

Let ¢ : [0,1] — R? be a continous map so that ¢(0) = ¢(1) and ¢|(, ;) is injective. We say that
 is a Jordancurve.

The frontier (or boundary) of a set S C R? is

0S:={zeR?|Vr>0:B(z,r)NS # 0 and B(z,r)N (R*\ S) + 0}

Theorem 9.10 Jordan's Curve Theorem

Let C : [0,1] — R? be a Jordancurve. Then, 3 open U, U, with R2 \ C([0,1]) = U; U, so
that

LU NU, =10

. U, and U, are connected

. oU, = oU, = C(]0,1])

. p € C([0,1]) is accessible from U; and Uj,.

—_

=W N

Proof: Without proof O

Corollary 9.11

Let G be a planar graph and (p, h) be a plane embedding of G.
Then, VF € F(G) : OF = {p € OF : p is accessible from F'}

Let G be a planar graph and (p, h) be a plane embedding of G and F' € F(G).
Then, 3H C G : OF = U,y g(g) hyy ([0,1]).

Proof: Without proof O

We denote by G[F| the graph H from above lemma.

Let G be a planar graph and (p, h) be a plane embedding of G. Then,
G is a forest <= |F(G)| =1

Proof: Follows from Theorem 9.10, Corollary 9.11 and Lemma 9.12. O
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Let G be a planar graph and (p, h) be a plane embedding of G. Let e € E(G). Then,
‘{F € Q"(G) | ec E(G[F])}‘ — {1 if iﬂcycle C in G with EEE(C)

2 otherwise

Proof: Without proof O

Let G be a 2-connected planar graph. Then, VF € F(G) : G[F] is a cycle.

Proof: Without proof O

Lecture 18 (2025/12/09)

10 Euler’s Formula and Triangulations

Theorem 10.1 Euler's formula

Let (G, h,p) be a connected plane graph. Then, v(G) — e(G) + f(G) = 2 (with f(G) :=
[F(G))

Note

The whole theorem is called “Euler’s formula” not just the equation.

Proof: Let n = v(@G). Induction on e(G).
Basis of induction: Take G to be a tree. Then, e(G) =n — 1, f(G) = 1.

Suppose G is not a tree. Let C be a cycle in G and e € E(C).
f(G —e) = f(G) — 1 (because removing the edge connects the exterior face to the interior one)

v(G —e) —e(G —e) + f(G — e) = 2 (by induction hypothesis)
=v(G)—e(G)+1+ f(G)—1=2 O

A plane graph (G, h, p) is maximal if Vzy € E(é) : B injective continous function h,,, :
[0,1] — R? such that (G + zy,h U h,,,p) is a plane graph.
A plane graph (G, h,p) is a plane triangulation if G[F| 2 K; V F € F(G)

Theorem 10.4
Let (G, h, p) be a plane graph with v(G) > 3. Then,

G is maximal plane < G is a plane triangulation
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Proof:

“e=":

Let GG be a plane triangulation. Suppose for contradiction that G is not maximal, i.e., we can add an
edge e = xy (with z,y € V(G), zy ¢ E(Q)) such that G + e is still planar. The drawing of e must
lie inside some face F' of G. Since G is a triangulation, the boundary OF forms a K. Thus, the
endpoints z, y must be vertices of this K. However, in a K3, all vertices are already pairwise

adjacent. Thus zyinE(G), which is a contradiction.
“==”: Assume G is maximal plane.

We may assume G is connected. (If not, we can pick two vertices u, v in the outer faces of two
different connected components and draw an edge between them without crossing any existing
edges. This contradicts maximality.)

G is 2-connected:

Suppose not. Let v be a cut-vertex. Then there exists a face F' incident to v whose boundary
contains vertices from at least two different components of G — v.

Let u and w be neighbors of v on the boundary of F' that belong to different components of G —
v. We can draw an edge uw through the interior of F' without crossing existing edges. Since u and
w are in different components of G — v, they are not adjacent in G.

Thus, G + uw is a plane graph, contradicting the maximality of G.

#

Since G is 2-connected, the boundary of every face F' is a cycle.
Suppose there exists a face F' with length |0F| > 4. Let v, v4, v5, v, be four consecutive vertices on
the boundary of F.

We consider adding a diagonal through F:

« Ifv,v; ¢ E(G), we can draw the edge v,v5 inside F, contradicting maximality.

+ If v,v53 € E(G), then this edge must lie strictly outside of F' (otherwise F' would be divided into
two faces). By the Jordan Curve Theorem, the cycle formed by v, vy, v5 along with the edge v, v
separates v, from v,. Therefore, vyv, ¢ E(G). We can then draw the edge v,v, inside F,
contradicting maximality.

Thus, every face must be a K3, making G a plane triangulation. O

Corollary 10.5
Let (G, h,p) be a plane graph with v(G) > 3. Then,
e(G) < 3v(G) — 6.

with equality if and only if G is a plane triangulation.

Proof:Let n = v(G), m = e(G), and f = f(G).
Since G is a simple graph with n > 3, every face F' is bounded by a cycle of length at least 3. Thus,
|OF| > 3 forall F € #(G).

Summing the boundary lengths of all faces, every edge is counted at most twice (once for each side).
Therefore:

3f< > |0F| < 2m

FeF(G)
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=<2t

Using Euler’s formula (n — m + f = 2), we substitute for f:

2m
n—m—l—?ZZ

Multiplying by 3:
n—3m+2m>6

n—m>6

m<3n—=6

Equality holds if and only if f = sz which happens exactly when |0F| = 3 for all faces F' (and

every edge is incident to two faces). By definition, this means G is a plane triangulation.

Corollary 10.6

K is not planar.

Proof:e(K;) =10>9=3-5—6

K 5 is not planar.

Note

We can’t use the previous corollary since e(K3’3) =9 <12 =36 — 6. We can however show
a similar corollary:

Corollary 10.8
Let (G, h,p) be a plane graph with e(G[F]) > 4VF € F(QG). Then, e(G) < 2v(G) — 4

Proof: By assumption, every face F' is bounded by at least 4 edges (e(G[F]) > 4), so |0F| > 4.
Summing the boundary lengths over all faces, each edge is counted at most twice (once for each
side). Thus:

4f(G) < Y |oF| < 2¢(G)
FeF(QG)

= 2f(G) < e(G)

Substituting this into Euler’s formula (doubled: 2v(G) — 2¢(G) + 2f(G) = 4):
20(G) —2e(G) +2f(G) =4
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= 20(G) —2¢(G) + ¢(G) > 4
=e(G) < 2v(G) —4 O

Proof of Lemma 10.7: In K 5 there are no triangles.

We have: e(G) =9 > 8 = 2- 6 — 4 = 2u(G) — 4. By the corollary above, K 3 can’t be planar. O

A polyhedron P C R3 is a bounded set of the form

P = ﬂ {(m,y,z) €R? | o @+ B,y + 7,2 < Ci}

i€[n]
— 3 —
We define P, = {(0,,2) € B | a2+ By 71,2 = )
We assume n is minimal such that the above representation holds.
An edge of P is a non-empty set of the form F, N P, N P.
A vertex is a non-empty set given by the intersection of 2 edges.

A face is the bounded open set (in 2D) in F; \ U P,
i#j

P C R3 is a platonic solid if P is a polyhedron and every vertex meets the same number of
faces and the boundary of each face is the same regular polygon.

Theorem 10.11

There are exactly 5 platonic solids.

Proof: Let P be a platonic solid and G its associated graph. We view G as a connected planar graph.
Letn = v(G), m = e(G), and f = f(G).

Since P is a platonic solid, there exist integers s, > 3 such that:
* s:=dg() forallv € V(G) (every vertex has degree s).
« r:=|0F| forall F € F(G) (every face is bounded by r edges).

By counting edge incidences:

ns=2m:>n=27m

2

fr=2m= f==~

Substituting into Euler’s formula (n —m + f = 2):
D

Dividing by 2m:

11,1 _ 1
s_2+r_m

lyl_1li151

We analyze possible integer values for s, > 3:

e« If s >4 and r > 4, then % + % < % + % = %, a contradiction.
o Thus, we must have s = 3 or r = 3.

Case 1(s = 3):
Case 2 (r = 3):

= r < 6. Possible values: r € {3,4,5}.
= s < 6. Possible values: s € {3,4,5}.

® ==
[\
==
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Thus, the possible pairs (s, r) are:
+ (3,3): Tetrahedron

3,4): Cube

3,5): Dodecahedron

4, 3): Octahedron

5, 3): Icosahedron

(
- (
(
- (

For all those, we can manually verify that it’s actually a platonic solid. O

Lecture 19 (2025/12/15)

Let G be a plane triangulation with v(G) > 4. Then, G is 3-connected

Proposition 10.13

Let H be a plane triangulation with v(H) > 4. Then, 3 > 6 edges e € e(H) such that the only
triangle’s containing e are faces.

Note

We call such edges good edges.

Proof: We proceed by induction on n := v(H).
Definition: A triangle is separating if both its interior and exterior contain vertices. An edge is
good if it lies on no separating triangle.

Base case: n = 4. H =~ K. No separating triangles = 6 good edges.

Inductive step: Assume claim holds for < n.
Case 1: H has no separating triangles.
All edges are good. 3n — 6 > 6 (since n > 4).

Case 2: H has a separating triangle T'.

T splits H into H;, (vertices on/inside T') and H,
U(Hext) —3.

Edges of T" are bad in H. Good edges of H; , not in T remain good in H.

(vertices on/outside T). Note n = v(H,,,) +

In H, ,, edges of T" are good (part of outer face). Thus H inherits (# good edges in H, ) — 3 edges
from H;, (same for H_,).
(# good edges in H) > (# good edges in H,; — 3) + (# good edges in H,, — 3)
>(6—-3)+(6—3)
=6

Notation: G/e := the graph obtained from G by contracting e to a new vertex v,

Formally, G/e := (V(G)\ e) U{v.},{f € E(G) [ en f=0}U{(f\e)U{v.} | [f€
E(G),en f +0}), withv, ¢ V(G)
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Proof of Lemma 10.12:
Observation: e good edge => G /e is a plane triangulation.

Contracting e merges its endpoints and the two adjacent facial triangles, resulting in the removal
of e and the unification of two pairs of boundary edges (removing 2 duplicates).

e(G/e) =e(G) —3 = (3v(G) —6) —3 =3(v(G/e)) — 6
7

Suppose for a contradiction that G is not 3-connected. Then Ju, v € V(G) such that G — u — v is
disconnected.

Suppose for contradiction that G is not 3-connected. Then 35 = {u,v} C V(G) that separates G.

Step 1: uv cannot be a good edge.
If uv were a good edge, contracting it would merge .S into a single vertex z that separates the graph
G/e. But G/e is 3-connected by induction (so it cannot have a cut-vertex).

Step 2: Reduction to K.
Since uw is not a good edge (or not an edge at all), there exists a good edge e elsewhere.

By induction, we can iteratively contract good edges until we reach K. Since we never contract u
with v (as uv is not good), S maps to a vertex pair S’ in K, that still separates the graph.

However, K, has no separator of size 2. This is a contradiction. O

Theorem 10.15 Fary's theorem

Let G be a maximal planar graph and K C G so that K = Kj. Then, G can be drawn in the
plane without crossings so that its edges are straight line segments and the outer face F' is so

that G[F| = K

Proof:Let K C G a triangle and call V(K} = {a, b, c}.
Induction on n = v(G).
Base Case: n = 3 is trivial (G = K).

Inductive Step:
Define the deficiency of a vertex v as 7(v) = 6 — dg,)-
Since G is a triangulation, §(G) > 3, so r(v) < 3 for all v.

Sum of deficiencies:

> r()=6n—> dgy) =6n—2e(G) =6n—2(3n—6) =12
veV(Q)

Since r(v) < 3, there must be at least % = 4 vertices with positive deficiency (dg(,) < 6).
The outer face has 3 vertices (a, b, ¢). Thus, there exists an internal vertex z with dg,) < 5.

Let G’ := G — z. The neighbors of 2 form a cycle C, of length d;(,) < 5, bounding a face in G”.
We can add edges to triangulate the interior of C, (if not already triangulated), resulting in a graph
G”.

By induction hypothesis, G” has a straight-line embedding with outer face K.

Removing the added diagonals yields an embedding of G’ where the face bounded by C, is a
polygon with < 5 vertices.
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Art gallery theorem:

In an art gallery shapes as a 5-sided polygon, one needs only one guard to observe the whole
gallery.

Thus, we can place z into G’ in the interior of the face so that all edges from z to its neighbors can

be drawn as straight line segments without crossing any existing edges. O

Note

Fary’s theorem can be used on general planar graphs. This follows from the maximal planar
case by adding edges to triangulate faces and then removing them after obtaining a straight-line
embedding.

11 Graph Minors and Kuratowski’s Theorem

Let G be a planar graph. A graph X C G is a minor of G if X can be obtained by a series of
edge contractions, edge deletions and vertex deletions.

Let G be a planar graph, X C G a graph.

X is a minor of G <= 3 collection of vertex disjoint sets (V)
L Vay e E(X):e(G[V,,V,]) >1

2. G[V,] is connected Vz € V(X)

eV (X) in V(G) such that:

Proof: Without proof. O

S is a subdivision of X if S arises from X by replacing edges with pairwise disjoint paths.
If G contains a subdivision of X, then X is a topological minor.

Note

Every topological minor is also a minor. (We can contract the paths of the subdivision to
retrieve the original edges).

The other implication doesn’t generally hold. (Example: A graph with maximum degree 3 can
have a K; minor, but cannot be a topological minor of K as it lacks vertices of degree 4).

Lecture 20 (2025/12/16)

Theorem 11.4 Kuratowski

For every graph G, the following are equivalent:

(i) G is planar

(ii) Neither K nor Kj 5 is a topological minor of GG
(iii) Neither K5 nor Kj 3 is a minor of G
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Proof: We will not prove this theorem fully. We will only prove (ii) = (i), assuming Theorem 11.7
below. 0

We say that a graph K is a Kuratowski graph if K is a subdivision of Kj 5 or Kj

A convex embedding of a graph is a planar embedding in which each face boundary is a
convex polygon.

Theorem 11.7 Main theorem (Tutte '60)

Let G be a 3-connected graph. If G has no Kuratowski subgraph, then G has a convex
embedding in the plane with no 3 vertices in a line.

Proof of (ii) = (i) of Theorem 11.4, assuming Theorem 11.7:
Suppose not. Then, 3 a minimal counterexample: that is, a graph G that is non-planar with no
Kuratowski subgraph.

Claim: GG is 3-connected.

+ (G cannot have a 1-separator S (cut-vertex)
As G was chosen minimally, all components of G — S are planar.
By Fary’s theorem, all components have straight-line embeddings.
We can combine these embeddings at S to get a planar embedding of G, contradicting non-
planarity.

+ G cannot have a 2-separator S = {u, v}
As G was chosen minimally, all components of G — S are planar.
By Fary’s theorem, allx" components have straight-line embeddings with v and v on the outer
face.
We can combine these embeddings at u and v to get a planar embedding of G, contradicting
non-planarity.

By Theorem 11.7, G has a convex embedding in the plane with no 3 vertices in a line. Thus, G is
planar. O

Let G be a 3-connected graph with v(G) > 5. Then, Je € E(G) : G/e is 3-connected.

Let G be a graph with no Kuratowski subgraph. Then, G /e has no Kuratowski subgraph for
any e € E(G).

Proof of Lemma 11.9: Suppose for contradiction that it doesn’t hold.

Let G be a graph with no Kuratowski subgraph.
Then, Je € E(G) such that G/e has a Kuratowski subgraph K.
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Let v, the contracted vertex in G/e.
Then, v, has to be a branch vertex (an original vertex of the graph Kj or Kj 5 before being
subdivided) in the Kuratowski subgraph.

= The Kuratowski subgraph is a subdivision of K.

This is a contradiction (draw some images to see this). a

Lecture 21 (2026/01/12)

Proof of Lemma 11.8: Let G be a 3-connected graph with v(G) > 5.
Suppose for contradiction that for every edge e € E(G), G/e is not 3-connected.

For zy € E(G), we call a vertex z € V(G) such that G — {z, y, z} is disconnected a mate of zy.

Choose zy € E(G) and its mate z (exists as G/e is not 3-connected) such that G — {z,y, z} has a
component H such that v(H) is maximal. Let H be another component of G — {z,y, z} (exists as
it’s disconnected).

We know that G — {z, y} is connected (since G is 3-connected). Thus, N (z) NV (H) # 0 (as z
connects H to the rest of the graph).

Letu € Ng(z) NV (H). Letv € V(G) be a mate of zu.
Claim: G — {2, u, v} has a component strictly larger than H.
Let K = V(H) U{z,y}.

Case 1:v € K.

Since G is 3-connected, {z, v} cannot separate H from {x,y} (a cutset must have size > 3). Thus,
H \ {u,v} remains connected to {z,y} \ {v} in G — {z, u,v}. Also, H' (another component of
G — {z,y, z}) connects to {z,y} \ {v} (as G is 3-connected). Thus, the component containing H’
also contains z, y and almost all of H. Its size is strictly larger than | H| (since |H’| gel).

Case2:v ¢ K.
Then v lies in a component H' # H of G — {z,y, z}. Any path from H to v must pass through
{z,y,2z}.In G — {z,u}, paths from H \ {u} to {z,y} do not touch v (as v is separated by {z, y}).
Thus, (V(H) \ {u}) U {z,y} is connected in G — {z,u,v}. Itssizeis |H| —1+2=|H|+ 1 >
[H|.

Thus, in both cases we find a component larger than H.

This contradicts the maximality of H. O

Proof of Theorem 11.7: Let GG be a 3-connected graph with no Kuratowski subgraph.
Induction on n = v(G).

For n < 4, the statement is trivially true.

Base Case: n = 4. Then, G = K. We can easily draw K, as a convex embedding (start with a
triangle and place the fourth vertex inside).

Inductive Step:
By Lemma 11.8, 3e € E(G) such that G/e is 3-connected.
By Lemma 11.9, G /e has no Kuratowski subgraph.

Let H :=G/e
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By induction hypothesis, H has a convex embedding with no 3 vertices in a line.
We know H — v, (with the contracted vertex v,) is 2-connected. Thus, the face C'in H — v,

containing Ny (v,) is a cycle.
Denote N, = Ng(x) \ {y} and N, = Ng(y) \ {z}.
Recall that Ny (v,) = (Ng(7) U Ng(y)) \ {z,y} = N, UN,,.
Let {zq,...,x;} = N, be labeled clockwise according to C.
As G is 3-connected, 6(G) > 3. Thus k > 2.
Denote by F, ;. the path in C from z; to z,,; (indices modulo k).
Case 1: [N, N N, | > 3:
This is not possible, as this would create a Kuratowski subgraph (subdivision of Kj).
Case 2: [N, N N, | < 2:
IN, UN,| =dg(v,) > 3.
Then there exists u € N, \ N,. (if N, C N, argue symmetrically by swapping x and y).
Let i be sothatu € F, ;.
Case 2A: Ny C V(Pj,jH) for some j.

Take te convex embedding of G/e, replace v, by z. Place y sufficiently close to x to maintain
convexity (draw a picture to convince yourself that this works).

Case2B: N, € V(Pj,jﬂ) for any j.

Letv € N, such thatv ¢ V (P, ;).
Then, G contains a subdivision of K33 3 (draw a picture to see this). This is a contradiction to

our assumption.

12 Coloring Planar Graphs
Q/ How many colors are required to color the regions of maps so that no two adjacent regions

receive the same color?

Formally we want to show the maximum of x(G) = min{k | 3¢ : V(G) — {1,...,k} : (i) #
c(j)Vij € E(G)} over all planar graphs.

We call x(G) = min{k | Ic: V(G) — {1,...,k} : c(i) # c(j) Vij € E(G)} the chromatic
number of G.

Observation

We need at least 4. Consider K,.

Let G be a planar graph. Then, x(G) < 6.
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Proof: Induction on n = v(G).
Base Case: n < 6 is trivial.

Inductive Step:

As G is planar, e(G) < 3n — 6 (see Corollary 10.5). Therefore, Jv € V(G) : d(v) < 5 (see also,
exercise sheet).

By induction hypothesis, G — v can be colored with 6 colors.

Since v has at most 5 neighbors, there is at least one color left to color v. O

Theorem 12.3 Heawood' 1890

Let G be a planar graph. Then, x(G) < 5.

Proof: Induction on n = v(G).
Base Case: n < 5 is trivial.

Inductive Step:

As G is planar, e(G) < 3n — 6 (see Corollary 10.5). Therefore, Jv € V(G) : d(v) < 5 (see also,
exercise sheet).

Set H=G —w.

By induction hypothesis, x(H) < 5.Letc: V(H) — {1,...,5} with c(i) # ¢(j)Vij € E(G) be a
proper coloring of H.

Suppose ¢(Ng(v)) = [5] and hence d (v) = 5.

For i € [5], let v; € Ng(v) with ¢(v;) = 1.

Embed G in the plane and assume v, ...v5 are labeled clockwise around v.
Define H, 3 := H[c ' (1) Uc ' (3)] and Hy 4 := H[c ' (2) Uc ™' (4)]

« If #v,-v3 path in H| 3, then we can flip the colors in the component of v; in H, 3. This frees up
color 1 for vertex v.
« Similarly, if Av,-v, path in H, 4, we can free up color 2 for vertex v.

We may assume, Jv;-v5 path in H1,3 and Jv,-v, path € H2,4.

Then, these two paths must cross (by Jordan Curve Theorem, see Theorem 9.10), contradicting

planarity of G (as they cross but don’t share any vertex). O
Theorem 12.4

Let G be a planar graph. Then, x(G) < 4.

Proof: Without proof. |

Lecture 22 (2026/01/13)

13 Graph Coloring

A graph G is called k-colorable if x(G) < k.

66



Let G be a graph. Let ¢ : V(G) — [k].
c is a proper k-coloring if ¢(i) # ¢(j) Vij € E(G).

Let G be a graph. Then,

Note

This bound is sharp (the bound is best possible).
Examples where equality holds:

« K, has x(K,,) =n=A(K,) + 1.

« Odd cycles Gy, 1 have x(Cyppq) =3 =A(Cyppq) + 1.

Proof: By induction on n = v(G).
Base Case: n = 1 is trivial.

Inductive Step:
Letv € V(G) with d(v) = A(G).
By induction hypothesis, x(G —v) < A(G —v) +1 < A(G) + 1.

We can color G — v with A(G) + 1 colors.
Since v has A(G) neighbors, there is at least one color left to color v.

= X(G) < A(G) +1 O
Theorem 13.4 Brooks'41
Let G be a connected graph with G # C,,,; and G # K Vk. Then,

x(G) < AG)

Proof: Let k :== A(G). Since G # K, and G # C,,, ;, we have k > 3.
We distinguish two cases.
Case 1: G is not k-regular.

There exists a vertex v,, with d(v,,) < k.

We order the vertices v, ..., v,, such that each v; (i < n) has a neighbor in {v,{, ..., v, }.

This can be done by taking a spanning tree rooted at v,, and ordering vertices in reverse order of
discovery (leaves first).

We color greedily from v, to v,,.

For i < n, v; has at least one neighbor in {v; 1, ..., v, } (the parent in the tree), so it has at most
d(v;) —1 < k — 1 neighbors in {v;, ..., v;_; }.

Thus, there is at least one color free for v; from the set of k colors.

For v,,, d(v,,) < k, so it has at most k — 1 neighbors, leaving a color free.

Case 2: G is k-regular.
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Case 2A: GG has a cut-vertex z.

Let C}, ..., C, be the connected components of G — z. Let G; = G[V(C;) U {z}].

Since G is connected and k > 3, the subgraphs G; are not K _ ;.

By induction (or minimality), x(G;) < k.

We can color each G; with k colors.

By permuting the names of colors in the subgraphs, we can make the colors agree on z (e.g., set
¢(z) = 1 in all subgraphs).

This gives a proper k-coloring of G.

Case 2B: (G is 2-connected.

Claim

There exist vertices vy, vy, v,, € V(G) such that:
1. G — {vy, vy} is connected

2. v,v9 ¢ E(Q)

3. {vy,v5} € N(v,)

Proof of Claim: Recall from exercise sheet 9:

A block is a maximal connected subgraph H with no cut vertex in H.

We showed that a graph G can be decomposed into Blocks B, ..., B, with:
1. Every cycle is completely contained in one of the blocks

2. [V(B;)NV(B;)| <1Vi#j

3. E(B;)U..UE(B,) = E(G)

Since G is 2-connected, there are no cut-vertices.
Decompose G — z into blocks.
In this “blocks tree” (as there are no cycles outside of a block), we have 2 leaves.

Take v,, = z.

Then, z must have a neighbor in each block leaf (otherwise that block would be disconnected
from the rest of the graph in G).

As G — z is not 2-connected, we have at least two blocks.

Take v, and v, in different leaves so that v; » v,.

Note that v; # v, exist, because if v; = vy, then v; would be a cut-vertex of G (contradicting 2-
connectivity).

Since d(xz) = k > 3, x has at least 1 neighbor in G — x — v; — v,. Therefore G — {v,, v, } is
connected. a

Using the Claim: Order the vertices of G — {v;, v, } as vs, ..., v,, such that each v, (for 3 < i <
n) has a neighbor with a higher index (similar to Case 1, using a spanning tree of G — {v;, vy}
rooted at v,,).

Coloring procedure:

1. Assign c(vy) = c(vy) = 1 (valid since v;v4 ¢ E(Q)).

2. Greedily color vs, ..., v,,_;. Each v; has at least one neighbor with higher index (uncolored) and
neighbors in {v;,v,} are fixed to color 1. v; has neighbors in {v,, 1, ..., v,, }, so it has at most

d(v;) —1 = k — 1 previously colored neighbors. Thus a color is available.
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3. For v,,: N(v,,) contains v;, v, (both color 1) and other neighbors in {vs, ..., v,,_; }. Since v; and
vy share the same color, the number of distinct colors used by N (v,,) is at most d(v,,) — 1 =
k — 1. Thus, a color is available for v,,.

13.1 Bounds on the Chromatic Number

Let G be a graph. A clique is a subset of vertices  C V(G) such that every two distinct
vertices in @) are adjacent (i.e., G[Q)] is a complete graph).

Let G be a graph.
+ The clique number w(G) is the number of vertices in a maximum clique of G.
+ The independence number a(G) is the number of vertices in a maximum independent set

of G.

Observation

X(G) > w(G) as every vertex in the clique is connected to each other and thus needs a different
color.

Conjecture 13.7 Borodin-Kostochka
Let G be a graph with A(G) > 9 and w(G) < A(G). Then,
X(G) <A(G) -1

Let G be a graph. Then,

Proof: Let k = x(G) and let ¢ : V(G) — [k] be a proper coloring.

For all i € [k], let C; := ¢ (i) = {v € V(Q) : ¢(v) = i} be the color classes.

Each C; is an independent set, so |C;| < a(G).

v(G) =1 IGI < T, a(G) = k- a(G) = x(G)a(G). 2

Q/3f : N = Nwith x(G) < f(w(G))? Is the clique number a relevant proxy to the chromatic
number? Does a “large” chromatic number force a large clique?

Let H be a graph and ¢ : V(H) — [x(H)] be a proper coloring of H. Then,
Vi € [x(H)] 3v; : c(Ny(v;) U{v;}) = [x(H)]

Proof: Suppose for contradiction that the statement is false.
Then 3i € [x(H)] such that Vv € V(H), ¢(Ng(v) U{v}) # [x(H)].
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Consider the set of vertices colored i: S; = {v € V(H) : ¢(v) = i}.

For any v € S, the condition implies that there is some color j € [x(H)] that is missing from
¢(Nyg (v) U {u}).

Since ¢(v) = 1, this missing color j must be different from 7 and missing from the neighborhood
Ny (v).

We can therefore recolor every v € S; to its respective missing color j.

Since S, is an independent set, recoloring vertices in S; does not create conflicts with each other,
and since we pick colors not present in their neighborhoods, it does not create conflicts with

neighbors.

This process eliminates color i entirely, resulting in a proper coloring with x(H) — 1 colors, which

contradicts the definition of x (H). O
Theorem 13.10 Mycielski

For every k € N, there exists a triangle-free graph G}, such that x(G,) > k.

Proof: By induction on k. Base case: k = 3. Take G5 = Cj (5-cycle). C; is triangle-free and x(Cy) =
3.

Inductive step: Given a triangle-free graph G, with x(G,,) > k, we construct G, ; as follows:
Let V(Gy) = {vy, ..., v, }-

Create new vertices W, = {v1, ..., v,,} (copies of V(G},)).

Create a vertex z.

V(Gyi1) = V(Gy) UW, U {2}

Edges of Gy ;:

« All edges of G,.

+ For each v; € V(Gy,), connect v; to all neighbors of v; in Gy,.. (Ng, , (v]) = Ng, (v;) U{2})
+ Connect z to all vertices in W,.

« W, is an independent set.

1. G is triangle-free:
+ No triangles in G}, by assumption.
+ z1is only connected to W, (independent), so no triangle involves z.

If a triangle involves v, € W, it must be v}, z, y where z,y € V(G,,). But v connects to
neighbors of v;. So z,y € Ng, (v;). This implies z, y are neighbors in Gy, so v;, z, y would be a
triangle in Gy, which is a contradiction.

2. X(Gr41) = k + 1: Suppose for contradiction x (G} ;) = k. Let ¢ : V(G},,,) — [k] be a proper
coloring.

Assume w.lo.g. ¢(z) = k.

Then W, C V(G ) must be colored with {1, ...,k — 1} (since z is connected to all of W},).

We try to define a coloring ¢’ on G}, using k — 1 colors.

Let ¢’ (v;) = c(v;) if e(v;) # k.

If c(v;) = k, we set ¢’ (v;) = c(v]). (Note ¢(v;) # k because v; € W, and c(z) = k).
Check properness of ¢’ on Gy:

Let v;v; € E(Gy).

« If ¢(v;) # k and ¢(v;) # k, then ¢/ (v;) = ¢(v;) # ¢(v;) = ¢/ (v;).
« If ¢(v;) = k, then c( ) # k (proper in Gy ;). ¢’ (v;) = c(v )andc (v J) =c(v j). Since v;
connects to Ng (v;) in Gy, 1, vjv; € E(Gy,y). Thus c(v;) # c(v ) soc' (v;) #¢ (vj).
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» Both k£ is impossible.

Thus ¢’ is a (k — 1)-coloring of Gy, contradicting x(G,,) > k. O

Lecture 23 (2026/01/19)

Theorem 13.11 Erdés '59

For every k, g € N, there exists a graph G with ¢(G) > g and x(G) > k.

14 Probabilistic Method

Forn € Nand p € [0, 1], the Erdés-Rényi random graph model (or binomial random graph)
is defined by the probability space (Qn, I, Pn,p) where:
+ Q,, is the set of all graphs with vertex set {1, ...,n} = [n].
=1Q,| = 2(2)
« F =P(Q,)={ACQ,}
= || = 2/ :22(’5)
« P, : J, — [0,1] is the probability measure defined for any single graph G € Q,, as:
np({G}) P (1 —p)e

The random graph G(n, p) is the identity random variable G(n, p) : ©,, — ,, defined by
W w.

Intuition: We sample G(n, p) by including every possible edge e € ([[Zﬂ) ={AC[n]: Al =
2} independently with probability p.

Let (2, &, P) be the probability space defined above.

« An eventisasubset A C Q (ie, A € F).
The probability of an event Ais P(A) = 3_ ,_, P({G}).
Consequently, for any set S - Q

P(G(n Z P(G H)

(since the events {G(n p) = H} for H € S are disjoint).

« A random variable is a function X :  — & for some set §.
(Commonly § =R, e.g., X(G) = e(Q)).

« If § C R, the expectation of X is defined as:

=) X(G) PH{G})

GeQ
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We often omit the indices n, p from 0, F, P when clear from context.
For a random variable X and a value a, we use the shorthand:

{X>a}:={GeQ: X(G)>a}
(and analogously for >, <, <, =, #, ...).

Therefore, P(X > a) denotes the probability of the event that the random variable X takes a
value greater than or equal to a and P, ,(G(n,p) = w) =P, ,({w}).

A sequence of events (A;) ey With Ay € 7, holds with high probability (w.h.p.) if
—00

Note The Probabilistic Method

If a property 2 holds w.h.p. in G(n, p), then lim P(G(n,p) has P) = 1.

n—oo

In particular, for a sufficiently large n, P(G(n, p) has ) > 0. Since the probability space is
finite, a non-zero probability implies that the set of graphs satisfying P is non-empty.

Thus, proving that a random graph has a property with probability > 0 (or w.h.p.) implies the

existence of a deterministic graph with that property.

1 ifweA
0 otherwise’

ForAe F,,let1,:9Q, — {0,1} be given by 1 4 (w) = {

1, is called the indicator random variable of event A.

+ Linearity of Expectation: For random variables X, Y and scalars a,b € R:
E(aX +bY) = aE(X) + DE(Y)
« E(1,) =P(A) forany event A € 7,

Proof: Exercise. O

Let X : 2, — R, be a random variable and a > 0. Then,

E(X)

P(X >a) <

Proof of Lemma 14.7:
E(X) = E(X Lixsey + X ]]'{X<a})

> E(X - 1(x5q))
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> E(a 1ixsq)
= aE(]l{Xza}) =aP(X > a)

Lecture 24 (2026/01/20)

Proof of Theorem 13.11: Fix k, g € N. We aim to find a graph G” with x(G’) > k and g(G’) >

Lete := 2ig and consider the random graph G(n, p) with p = n®~1.

We proceed by the alteration method in three steps.

Step 1: Bounding the independence number a(G).
Let z := F’lo%-l. We show that P(a(G) > z) — 0.

Let Y, be the number of independent sets of size x.
P(a(G) 2 2) =P(Y, =2 1) <E(Y,)
We compute the expectation:

E(Y;) = (Z)(l —p)®

z(z—l)

<n® 2 (using 1 —p <eP)
31 3
< ( eslognts ) (using x> 8% —Ig < -3 logn)

AT
Thus, w.h.p. a(G) < 310%.

Step 2: Bounding the number of short cycles.
Let Z be the number of cycles of length at most g in G(n, p).

Our first guess is bounding E(Z) w.h.p.:

(# cycles of length j) - p?

= E ningi—i _E :nay

< gn®9 = gn = o(n)

Therefore, our attempt to show that Z = 0 w.h.p. fails (since E(Z) — o). However, using
Markov’s inequality (Lemma 14.7), we can bound the probability that Z is large:

E(Z) _ 2gn2

P(Zzg>§ e < =2gn"2 =0
2

n
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n

Thus, w.h.p. the number of short cycles is less than 3

Step 3: Constructing the graph.

Since both events in Step 1 and Step 2 occur w.h.p., for sufficiently large n, there exists a graph G
satisfying:

L a(G) < 2

2. #{cycles of length < g} < &

We construct a new graph G’ by deleting one vertex from each cycle of length at most ¢ in G.

Properties of G':
« Girth: We destroyed all cycles of length < g, so g(G’) > g.
« Size: We removed at most & vertices, so v(G') >n — 5 = 3.

+ Independence Number: o(G’) < a(G) (deleting vertices cannot increase the size of an
independent set).

Finally, we bound the chromatic number of G”:

Lemma 13.8 ’U(G/) n np
el > 2 —
X(@) - a(G') T~ 3len  glogn
n€
- 6logn
Since € > 0 is fixed, % — 00 as n — 00. Therefore, for sufficiently large n, x(G") > k.
a

Theorem 14.8 Erdos'62
Vk3Je > 0 such that Iny (e, k) : Vn > ng, 3 graph G, with
cv(G,) =n
* X(Gp) 2 k

« X(Gyg)) S4VS CV(Gy) : [S] < ev(Gy)

Proof: Let k € N. We choose constants in the following order:
1. Fix c sufficiently large (depending on k).
2. Fix ¢ sufficiently small (depending on c).

Let p := £ and consider the random graph G(n, p). We analyze two events to show that G :=
G(n, p) satisfies the theorem conditions w.h.p.

Step 1: Global Chromatic Number
We show that x(G) > k w.h.p.
Recall that {x(G) < k} C {a(G) > %}. (This follows from Lemma 13.8.)

Let X be the number of independent sets of size = := L%J

P(x(G) <k) <P(X > 1) <E(X)
- (”)(1 —p)®

x
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T

< (ke . e‘ﬁ)
By choosing ¢ > 2k In(ke), the base B = kee™2F becomes strictly less than 1. Since z ~ Tasn —
oo, we have B* — 0. Thus, E(X) — 0, implying x(G) > k w.h.p.

Step 2: Local Chromatic Number
We show that for all S C V(G) with |S| < en, x(G[S]) < 3.

Let S be a “bad” set if |S| < en and x(G[S]) > 4. If such a set exists, there must be a minimal such
set S”. A minimal graph with chromatic number > 4 must have minimum degree é > 3. Thus, a
minimal bad set S” satisfies e(G[S’]) > @

Let A be the collection of sets S with |S| < en satisfying this density condition (e(G[S]) > 1.5 |S]).
It suffices to show P(|A4| > 1) — 0.

We calculate the expected number of such sets, summing over sizes s = |.S|. Note that since § > 3,
we must have s > 4.

Using the bound (%) < (&)K

1.5 . .
where C' = e(%) is a constant depending only on c.

For the sum to vanish, we observe two regimes:

* For small s (e.g. s = 4), the term is proportional to (n*%)4 = n~2, which goes to 0 as n — 0o.

» For large s, since £ < ¢, the base is bounded by C'y/e. By choosing & small enough such that
Cy/€ < 3, the terms decay geometrically.

Combining these, E(|A|) — 0 as n — oo.

Conclusion (Reflection of Vnn > n)
We proved that P(x(G) < k) — 0 and P(3 bad local subgraph) — 0. Therefore, P(x(G) >
k and no bad subgraphs) — 1.

By the definition of a limit, there exists some n such that for all n > n, this probability is strictly
positive (in fact close to 1). This implies the existence of a graph (see Note 14.5) satisfying the
theorem statements for all n > ny,. a
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Lecture 25 (2026/01/26)

15 Ramsey Theory

Suppose you invite n guests to a party. We want to guarantee that either:
+ 33 people who all know each other (mutual acquaintances), or
+ 33 people who all do not know each other (mutual strangers).

Question: What is the minimum 7 required to satisfy this property?

Formally, we ask: What is the minimum n such that for any graph G on n vertices, there is either a
triangle (K3) or an independent set of size 3 (I3)?

Equivalently, in terms of edge coloring: What is the minimum n which guarantees that for any red-
blue coloring of the edges of K, there exists a monochromatic triangle?

Claim

The answer to the Party Problem is n = 6.

Proof: Sufficiency (n = 6):

Consider any red-blue coloring of E(Kjy). Pick an arbitrary vertex v. d(v) = 5. By the Pigeonhole
Principle, at least [g] = 3 edges incident to v share the same color. W.L.O.G., assume v has red edges
to neighbors {a, b, c}.

« Case 1: The edges between {a, b, c} are all blue. Then {a, b, ¢} forms a blue Kj.

« Case 2: There exists at least one red edge in {a, b, c}, say ab. Then {v, a, b} forms a red K.

In either case, a monochromatic triangle exists.

Necessity (n = 5):

We construct a counter-example for Kj:

+ Color the outer cycle (1,2,3,4,5,1) red.
« Color the inner star (diagonals) blue.

This coloring has no monochromatic triangle since every vertex is incident to exactly two edges of

each color. O

The Ramsey number R(k,[) is the minimum n € N such that any red-blue coloring of the
edges of K, contains either a red K, or a blue Kj.

We define R(k) := R(k, k).

Observations

« From above: R(3,3) = 6.

« R(2,1) =lforalll € N. (A coloring with all edges blue requires [ vertices to form a blue K;
any red edge yields a red K,).

« R(k,l) = R(l, k) (Symmetry).

Q/Is R(k,!) finite for every k,[?

76



For all integers k,[ > 3:
R(k,l) < R(k—1,1)+ R(k,1 —1)

Proof:Letn = R(k—1,1) + R(k,l —1).

Consider any red-blue coloring of edges of K,,.

Pick any vertex v. Let A be the set of vertices connected to v by red edges and B be the set

connected by blue edges.

v has n — 1 edges. By the pigeonhole principle, either |A| > R(k — 1,1) or |B| > R(k,l —1).

« If|A| > R(k—1,1):
Then the subgraph induced by A (or a subset that has size R(k — 1,1)) contains either a red K_,
or a blue K.

In the first case, adding v gives a red K. In the second case, we already have a blue K.

« If |B| > R(k,l—1):
Then the subgraph induced by B (or a subset that has size R(k, ! — 1)) contains either a red K, or
ablue K;_;.

In the first case, we already have a red K,. In the second case, adding v gives a blue K.

In both cases, we find either a red K, or a blue K, proving the lemma. a

Note

This recurrence relation mirrors Pascal’s Triangle ((}) = (”:1) + ("71 )):

Corollary 15.4

Specifically for diagonal Ramsey numbers:

R(k‘) < (2: —12) < 92k—2 < 4k

Proof: As the numbers in the above diagram are exactly the ones in Pascal’s Triangle O
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15.1 Bounds on R(k)
Q/ How small can R(k) be?

Forall £ > 2:

R(k) > (k —1)2

Proof: Construct a graph with n = (k — 1)? vertices. Arrange vertices in a grid (i, j) with i, j €
{1,...,k—1}.

« Color edge ((i,7), (¢',j")) red if i = i’ (same row).

« Color edge ((i,7), (¢’,4")) blue if  # i’ (different rows).

Any red clique must lie within a single row (size at most k¥ — 1). Any blue clique must have vertices

in distinct rows (size at most £ — 1). Thus, no monochromatic K, exists. O
Theorem 15.6 Exponential Lower Bound (Erdés '47)
Forall £ > 3:

R(k) > 2

Proof:Letn < 923

Consider a random red-blue coloring of edges of K, , where each edge is colored red or blue with
probability % independently.

We want to show: P({ K, has no monochromatic K.}) > 0

Let A C G with v(G) = k. Then,
1\ ()
P({A is monochromatic K, }) = P({A is red K, }) + P({A is blue K, }) = 2(5)

Therefore,

P({K,, has a monochromatic K, }) = (71)2(1) (5)
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v v v
N 1 2 3 k
—— e N’
=1 <% <1
<1
Thus, P({ K,, has no monochromatic K,}) > 0. O
Note Current State of Bounds

We have established:
k
(V2)" < R(k) < 4F

Can we improve these bounds?

+ Lower Bound: Is there an ¢ > 0 such that R(k) > (\/§ + &?)k?
Status: Unknown.

. Upper Bound: Is there an £ > 0 such that R(k) < (4 — &)*?
Status: Yes. Recent breakthrough (2023) proved for € ~ 1077, and very recently (2026)
improved to R(k) < 3.8%.

16 Edge Coloring

An edge coloring of a graph G is a function ¢ : E(G) — C for some set of colors C.
An edge coloring is proper if no two adjacent edges share the same color, i.e. Ve, e’ € E(G)

witheNe’ # 0:c(e) # c(e’).
The edge-chromatic number (or chromatic index) x'(G) :=
min{|C| | 3 proper edge coloring ¢ : E(G) — C}

Note

X' (G) > A(G) (since all edges incident to a vertex v must have distinct colors).

Theorem 16.3 Konig's Line Coloring Theorem
In a bipartite graph G,

X' (G) = A(G)
Theorem 16.4 Vizing
For all graphs G,
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Note

This classifies all graphs into two classes:

+ Class 1: X' (G) = A(G) (e.g., Bipartite graphs).

+ Class 2: X' (G) = A(G) + 1 (e.g., Odd cycles, K,, for odd n).

Lecture 26 (2026/01/27)

Proof of Theorem 16.3: Let k = A(G).

Step 1: Reduction to a k-regular bipartite graph.

If G is not k-regular, we can construct a k-regular bipartite graph H such that G C H (analogously
to Lemma 1.9):

First, add vertices to the smaller partition of G so that both partitions have equal size.

If the graph is still not k-regular, connect two vertices from different partitions that have degrees
less than k. Repeat this until all vertices have degree k. (Note: This is always possible in a bipartite
graph with equal partition sizes until regularity is achieved).

Any proper edge coloring of H restricted to G is a proper edge coloring of G. Thus, it suffices to
prove the theorem for k-regular graphs.

Step 2: Coloring the k-regular graph.
Let H be a k-regular bipartite graph. By Lemma 6.13, H contains a perfect matching M;. We assign
color 1 to all edges in M.

Removing M, from H leaves a (k — 1)-regular bipartite graph. We can repeat this process k times,
finding perfect matchings M, ..., M. Assigning distinct colors to each matching yields a proper k-
edge-coloring.

Therefore, X' (G) < x'(H) < k = A(G). Since x'(G) > A(G) always holds, we have x'(G) =
A(G). O

Alternative proof of Theorem 16.3: Assume for a contradiction that 3 bipartite graph G with

X' (G) # A(G).
Let G be a minimal such graph (in terms of number of edges).
Letuv = e € E(G).

Consider G —e.
By minimality of G, X' (G —e) = A(G —e) < A(G) =: k.
Letc: E(G —e) — {1,...,k} be a proper edge coloring of G — e.

Let A = {colors used on edges incident to u} and B = {colors used on edges incident to v}.
Since di;_, (u),dg_.(v) < k—1,]|A|,|B| < k—1.
Thus, 3 color @ € {1,...,k} \ A and color 8 € {1,...,k} \ B.

If & = 3, we can color e with « and obtain a proper k-edge-coloring of G, contradicting our
assumption.

Suppose a #+ 3.
Consider the subgraph H of G — e induced by edges colored o and S.

Since G is bipartite, all vertices in H have degree at most 2.
Therefore, H is a disjoint union of paths and even cycles.
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Let P be the connected component of H containing u.
Since u is incident to an edge of color a but not 3, P is a path that ends at u.
Let w be the other endpoint of P.

o fw# v
We can swap colors a and /3 along P.
This frees up color « at v and color 3 at w.
Now, we can color edge e with color «, yielding a proper k-edge-coloring of GG, contradicting our
assumption.

s fw=uw:
As P connects u and v, it must have odd length (since v and v are in different partitions of the
bipartite graph).
As c is a proper edge coloring, P must alternate between the colors a and S.
Therefore, the starting edge and ending edge must have the same color, which is a contradiction as
u and v don’t share the colors o and .

In both cases, we reach a contradiction. Therefore, our initial assumption is false, and x’(G) =

A(QG) for all bipartite graphs G. O

Let G be a graph with a proper edge coloring. Let v € V(G) and colors a, b.
The ab-Kempe chain starting at v is the maximal connected subgraph of G containing v and
only edges colored a or b.

Proof of Theorem 16.4: Assume G is an edge-minimal counterexample.
Let k = A(G).
Pick any edge e = uv, € E(QG).

Consider G — e. By minimality of G, x'(G —e) < k + 1.
Letc: E(G —e) — {1,...,k + 1} be a proper edge coloring of G — e. For any vertex z, let M (z) be
the set of colors in {1, ..., k + 1} not appearing on edges incident to x. Since d(z) < k, M (z) # 0.

Let « € M (u). We construct a maximal sequence of distinct neighbors v, vy, ..., v, of u (a “Fan”)
such that c(uv{iﬂ}) € M(v;) forall0 <i < m.

Let § € M(v,,). By the maximality of the fan, 3 is not missing at any v, for i < m (else we stop
there), so # must appear on some edge incident to u. Thus, 35 € {1, ..., m — 1} such that c(uvj) =
B.

Consider the the subgraph H,, 5 induced by edges colored « or f.

« Case 1: u and v,,, are in different components of H 3.
Switch colors « and § in the component containing v,,,. Now o € M (v,,,) (and 8 is no longer
missing at v,,). We can now switch the colors along the fan: set ¢(uv;) = ¢(uv,, ) fori =
0,...,m — 1. Now the edge uv,, is uncolored, but since & € M (v,,) (after the switch) and a €
M (u), we can color uv,,, with a.

+ Case 2: u and v,,, are in the same component of H, 4
There is an alternating path P between u and v,),. Since a € M (u), the path must start with an
edge colored 3 at u. The only such edge is uv;. Thus P goes through v;.

We shift the fan only up to v;: set c(uv;) = c(uv;,q) fori =0, ..., 7 — 1. Now the uncolored edge
is uv;. Note that 8 € M(vj) (by construction of the fan) and o € M (u).
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Crucially, removing the color from wwv; breaks the path P (since uv; was the only S-edge at u).
Now u and v; are in different components of H, 3. We can swap colors o and 3 in the component

containing u. After swapping, 5 € M (u). Since 3 € M(Uj) still holds, we can color uv; with 3.

In both cases, we obtain a valid (k 4 1)-coloring of G, contradicting that G is a counterexample. O

17 Lower bounds for the independence number a(G)
We investigate lower bounds for a(G) based on degree parameters.

Let G be a graph with n vertices. Then,

a(G) = AG) +1

Proof: We construct an independent set I iteratively. Let Gy = G and i = 0. While V(G,) # 0:
1. Pick an arbitrary vertex v € V(G;).

2. Addvto I.

3. Remove v and its neighbors: G, = G; — ({v} U Ng, (v))

4. i i+ 1L

In each step, we remove at most d;(v) + 1 < A(G) + 1 vertices. Thus, the process repeats at least

ﬁ times. Since we select one vertex per step, |I| > ﬁ. O
Let G be a graph. Then,
1
a(G) >
veV(G) dg(v) +1

Proof: Let vy, ..., v,, be the vertices of G.
Let o € S,, (S,, being the symmetric group of permutations of {1, ..., n}).

Build an independent set S in the following way:
« Let S = {v; | Vj € [n] with o(j) < o(i) : v;v; ¢ E(G)}

Same as the following greedy algorithm:

* Mark v,-1(1) as being in .S, delete it and its neighbors.

+ Out of all vertices that remain, mark the vertex v;, with the smallest o(k), add it to S, and remove
it and its neighbors.

« Repeat until no vertices are left.

Now we pick ¢ at random (each of the n! possible choices have equal probability).

Define for each v the random variable X, := { é ii Z;g
What is P(v € S)?

Consider the set consisting of v and its neighbors, N (v) U {v}. If v appears earlier in the
permutation than all of its neighbors (i.e., o(index(v)) is minimal in the set of ranks of N (v) U {v}),
then v is definitely included in S because no neighbor could have eliminated it.

Since ¢ is random, any vertex in N (v) U {v} is equally likely to be the first among them. Thus:
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P(v is first in N(v) U {v}) = Wl)ﬂ

Since v might still be included even if it isn’t first (e.g., if its earlier neighbors were eliminated by
their predecessors), we have:

Pve S)>

E(sh= Y EX,)= 3 Pwes)> ¥ Wlm

veV(QG) veV(G) veV(QG)

Lecture 27 (2026/02/02)

Observation

We know that x(G) - a(G) > v(G) (see Lemma 13.8).
Also, we know x(G) < A(G) + 1 (see @Lemma 13.3)

Combining these yields the trivial lower bound:

a(G) > m

Q/ Is this the best possible?

Theorem 17.3 Shearer '83
Let G be a A-free (K3 ¢ G) graph with n := v(Q) vertices. Then,

nlog A(G))

a(G)EQ( AG)

Note

This bound is best possible. The random A(G)-regular graph has a(G) ~ %é)(a)

A(G)).

(for large

Proof: Let A := A(G)

Let J be the set of all independent sets of G (including ).
Let W be a uniformly chosen independent set from J.
Forv € V(G),letY, := A - [{v} N W[+ [Ng(,) N W|.

Observation:

Z Y;): Z A]lveW-i_ Z Z ]]'UEW

veV(Q) veV(Q) veV(G) ueN(v)

=AW+ dg,
ueW

= A W]+ e(GW, W)
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(Since W is independent, all neighbors of u € W must be in W°).
Since dg(,) < A, wehave }° . dg,) < A [W]. Thus:

Y Y, <A [W|+A W[ =24 W
veV(G)
Goal: Show E(Y,) = Q(log A) Vv € V(G).
This then implies 2AE(/W|) > 35, E(Y,) = n(log A) = E(|W]) > 0(2%2).
This means there isa W € J such that |IW| = Q (%)
Letve V.

Set N[v] := N(v) U {v} (the closed neighborhood of v).
Let H := G — N[v]

For a fixed independent set S C V(H), define the set of available neighbors:

X = X(S) =N\ | J N(u)

uesS

Let z := | X|.

Let J be an independent set such that J C X U {v}. Then,

1

Proof: The total number of independent sets I such that I N V(H) = S is determined by how S can

be extended into N[v].

1. We can pick v. Since S C V(H), S is not connected to v. This gives J = {v}.

2. We can pick v ¢ W. Then we can pick any subset of neighbors J C N (v). For J U S to be
independent, J must not connect to S. Also N (v) is independent (triangle-free). Thus, any J C
X works. There are 2% such subsets.

Total extensions = 2% + 1. Each is equally likely under uniform distribution. O

Corollary 17.5

1
22 +1

]E(HU} nw]| ]1{V(H)mw}) = P(WNV(H) =S)

Proof:

E({v} N W| Liyawy) =P € W,V(H)NW = 5)

=P(W ={v}US)
=P(WNNp]={v} | WNV(H)=S)-PWnNV(H)=2S)
1

BN V(H) =)
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Corollary 17.6

E(|W N N(@)| Ly

Proof:

E(WNN(v)|5) =,

w=s))

x2x71

=——7PWnNV(H
27 +1 ( (

)=15)

jJ-PWNNp=J|S)

=0 JCX, [J|=j

=\ [z 1

j_o(] TN
1 & z—1

2w+1jzzlw(]—1>
2% 1

2z +1

Multiplying by P(W NV (H) = S) gives the result.

Combining the corollaries:

A + 2771
EY |S)=—
Claim 17.7
Forz > 0and A > 1:
A+ 221 logy A
20 +1 — 4

Proof: Let f(z) := A;ffTI

We distinguish two cases:
1L Ifp < 828

2

A
f(x)ZWJr

. Note that 27 + 1 < 27+1,

=R

Thenz +1 < % + 1. For large A, 2741 < 2. VA.

@) > A VA  log, A
WA 2 4
2. x> 22,
Then simply f(z) > % > loggA.

In both cases, f(z) = Q(log A).

Finally, taking the expectation over S:

E(Y,) = ) E(Y, | $)P(W NV(H) = $) > minE(Y, | §) = Q(logA)
S

This completes the proof.

85



18 Extremal graph theory

Q/ What is the maximum number of edges in a A-free graph on n := v(G) vertices?

Theorem 18.1 Mantel

Let G be a A-free graph with n := v(G) vertices. Then,

(@) <e(Kpy31) = |5]|5]

Moreover, equality holds if and only iff G =~ K 12),12]

Lecture 28 (2026/02/03)

Proof: Let v € V(G) with dg(,) = A(G). Let B := N(v) and A := V(G) \ B.

Note: As G is A-free (triangle-free), B must be an independent set (otherwise two neighbors of v
would be connected, forming a triangle with v). = e(G[B]) = 0. Thus, all edges lie within A or
between A and B: e(G) = e(G[A4]) + e(G[A, B]).

Summing the degrees of vertices in A:

Y dow) = 2¢(G[A]) + e(G[A, B]) = e(G[A]) + ¢(G)

ucA

We also know d(,,) < A(G) for all u, and [A| = n — |B| = n — A(G).

Y do <AL A(G) = (n— A(G)A(G)

A
Combining these inequalities:
e(G) + e(G[A]) < A(G)(n — A(G))
Since e(G[A]) > 0, we have:
e(G) < A(G)(n — A(G))

Consider the function f(x) = x(n — x). This is a downward-facing parabola maximized at = 7.

@=(3)"-3) =7

151

Therefore:

Since e(G) must be an integer, e(G) < L%QJ =

NI

Equality: For equality to hold (e(G) = L"TQJ ), all inequalities used above must be equalities:
1. e(G[A]) = 0 (so A is also an independent set).

2. dg(u) = A(G) for all uinA.

3. A(G)(n— A(G)) = | % |, which implies A(G) € {[2],[2]}.

From (1), since both A and B are independent sets, G is bipartite. From (2) and (3), every vertex in A
is connected to every vertex in B (since | B| ~ %). Thus, G must be the complete bipartite graph
K313 o

2
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Let H be a graph and n € N. Then, we call
ex(H,n) := max{e(G) | graph G,v(G) =n,H ¢ G}

the extremal number of H.

Q/ What is a lower bound to ex(K,.,n)?

For r,n € N,,, the Turan graph T, ,, is the n-vertex graph created as follows:
+ Let V(Tryn) be partitioned into r parts V], ..., V. with as equal size as possible (i.e.,
|V;| <1 for all 4, ).

Tn)=U{uv]u€Vi,v€Vj}

JFi

Theorem 18.4 Turan's Theorem
Forall r > 3,ex(K,,n) = e(T,_, ,)
Moreover, if G is a K, -free graph on n vertices with e(G) = e(T,_; ,,), then G = T, _,

Proof: Let G be a graph on n vertices which is K, -free.

Take v € V(G) with dg(v) = A(G).

Let B := N(v) (so |B| = A(G)).
Let A:=V(G)\ B (so |A| = n— A(G)).

Since G is K, -free, the neighborhood B cannot contain a K,,_; (otherwise with v it forms K.). By
induction, e(G[B]) < e(TT,zA(G)).

e(G) = e(G[B]) + e(G[A, B]) + e(G[4])

= e(G[B]) + ) _ da(u) — e(G[A])

u€EA

e(T,—2.a0e)) + 141 A(G) - e(G[A))

6<Tr 2 A(G)) (n— A(G))A(G)
e(H)

IA

IA

where H is the graph constructed by taking 7,_, () on B, an independent set on A, and
connecting every vertex in A to every vertex in B. Note that H is a complete (r — 1)-partite graph
(partitions of B plus the set A).

Let H be a complete (r — 1)-partite graph on n vertices. Then e(H) < e(T,._, ,,). Moreover,
equality holds & H =T, _,

Proof: Maximizing edges in a complete multipartite graph is equivalent to minimizing edges in its
complement H€ (which is a union of disjoint cliques).

Goal: e(H®) > e(T¢ 4 ,,).
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Let Vj, ..., V._; denote the vertex sets of the disjoint cliques in H*. Suppose the partition is not

y Vp—

balanced, i.e., there exist V;, V5 such that |V} | > |V;| 4 2.
Move a vertex x from V] to V;. The change in the number of edges in H* is:
Vol = (Vi = 1) =[] = [+ 1 < [V = (V| +2) + 1= —1

This operation strictly decreases the number of edges in H¢ (and thus strictly increases edges in H).
Repeating this process until all parts differ by at most 1 yields 7,._; ,,. Thus, e(H) < e(T,.,Ln) with
equality if and only if the partitions were already balanced (H = T,._, ,,). O

Combining the main inequality with the lemma, we have e(G) < e(H) < e(T,._, ,,).

Equality- If e(G) = e(T,_, ,,). all inequalities must be equalities.
e(G[A]) = 0 (A is independent).

2. dG (w) = A(G) for all u € A. Since all edges from A must go to B, A is fully connected to B.
e(G[B]) = ( 2. ‘B‘) By induction, G[B] = T, _, |-

Thus, G is formed by a Turan graph on B fully connected to an independent set A. This makes G a
complete (r — 1)-partite graph. By the Lemma, among such graphs, only 7,._; ,, achieves the

maximum number of edges. = G =T, _, . a
Theorem 18.6 Erdos-Stone
For any graph H, ex(H,n) = e(TX(H)_l’n) (1 + o(1)). Explicitly,

1 n
= (1- 1 om)(?)
ex(H,n) ( X(H)—1+O( )) 5
Proof: in Discrete Structures 2 O

Q/ What is the right behavior of ex(n, H) when H is bipartite?
Note
Kl 2a ) @ 7’1,)

N
I
@
S

ex(
ex(K,
(

Theorem 18.7

ex(Cy,n) = O(n%)

Proof: Let G be a Cy-free graph with n vertices and m edges. We count the number of
“cherries” (paths of length 2, i.e., triples (u, v, w) such that uv, vw € E(G)) in two ways.

(v)

1. Summing over the middle vertex: Every vertex v is the center of exactly ( ) cherries.

# cherries = Z (dG;v))

veV(QG)
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2. Summing over the endpoints: A cherry corresponds to a pair of vertices {u, w} connected by a
common neighbor v. Since G is C,-free, any pair of vertices {u, w} has at most one common
neighbor (otherwise, two common neighbors would form a Cy).

# cherries < (Z)

Combining these gives:

> (7)< )

veV(G)

We apply Jensen’s Inequality. The function f(z) = (§) = m(m;l)

> )f(d(v>) Zn-f(zi(v)> o @)

veV (G

is convex. Let d = sz be the
average degree.

Substituting this back:

— . —<n (for large n, ignoring -1 term)
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Note Optimality of the bound

The bound O(ng) is tight. We can construct C,-free graphs with 2 (n%) edges using finite
geometry.

Intuition (R?): Consider a bipartite graph where A = Points in R? and B = Lines in R?.
Connect a point p to aline [ if p € .

+ Two points determine a unique line = No two points share ge2 common line neighbors.
+ Two lines intersect in a unique point = No two lines share ge2 common point neighbors.

This implies the graph is C,-free. However, this graph is infinite.

Formal Construction (Finite Projective Plane): Let PG(2, q) be the projective plane over

the finite field F.

» Vertices: Let G be the incidence graph with vertices V' = P U £ (Points and Lines).

* Size: |P| =|L|=¢*+q+ 1. Thusn =2(¢*> + ¢+ 1) =~ 2¢>.

« Edges: Each line contains ¢ + 1 points; each point lies on g + 1 lines. The graph is (¢ + 1)-
regular. e(G) = |P] (¢ + 1) ~ ¢°.

Check Cj-freeness: In a projective plane, any two distinct lines intersect in exactly one point,
and any two distinct points lie on exactly one line. Thus, no K, , (C}) exists.

nlw
Njw

Result: Since n &~ 2¢%, we have ¢ ~ /%. The number of edges is e(G) ~ ¢* ~ (%)* = Q(n

)-
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